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I Q INTRODUCTION 
1. Object 
This project vas undertaken to obtain data 'Which would be useful 
in predicting the energy-absorbing capacities (a measure of the resistance 
te dynamic loads) vi thin the plastic range for beam and column structures 
of reinforced ooncreteo 
The energy absorbing capacity of the individual members of a 
structure is a flmction of the area 1.mder the load-def'ormation diagram for 
that member. Therefore, the principal objective of this investigation waS 
to develop procedures for thecompatation of load-deromation character-
istics of reinforced concrete members subj acted to both shear and flexure Q 
* The initial phase of this investigation, conducted by Gaston (1) , 
established re1a tionships for the prediction of 10 ad-deforma tion character-
istics of members subjected to pure flexure. '1'0 simn1ate these conditions" 
tests were made on beams s~ly supported and loaded at the third pointS., 
The primary purpose of the investigation reported herein was to 
develop relationships for the load-derormation characteristics at typical 
beam-column connections., To simulate these conditions tests were made on 
Dea:ms simply supported and loaded at midspan through a column smbo 
-2. Seope 
Tests were made on 25 beams with properties varying over a wide 
enough range to cover those expected in practice& The principal variables 
* lUmera.ls in parentheses refer to list of references at end of this report. 
2. 
11 
vere the concrete strength, fe' and the perce:otages of tension reinforcement, 
g 
p, and compression reinforcement, p._ 0 Other variables investigated were: 
(a) The effect or the column stub. 
(b) The effect of having no bond between the tension reinforcement 
and the concrete. 
(c) The effect of' loading in one direction on the properties in 
the opposite directiono 
(d) The effect of having very smaJ.l percentages of tension rein-
f'oreament in beams with no compression reinf'orcemente 
The range of each variable is given in Table 3. 
Because it is generally agreed that shear failures are undesirable, 
properly designed structures should be adequately reinforced in this respect. 
Consequently, the beams tested by Gaston (1) and those reported herein were 
provided with either clamp-on or ordinary stirrups as required to insure 
flexural failures e 
There are several ori ticaJ. stages of behavior which define the 
load-derormation characteristics of reini"oreced concrete members in f'lexure. 
These stages are, in order: 
(a) Yielding .0£ the tension reinforcement, marking the beginning 
of inelastic action with an accompanying increase in deflection and thus in 
energy-absorbing capaci. ty e 
(b) First crushing of the concrete!p indicative of the first 
permanent damage to the member, and representing a stage at which analytieal 
expressions for momen.ts and deformations can be den vade 
(c) Second crushing stage, representing crushing throughout the 
entire compression zone, and indicativa of a Significant amount of permanent 
damage to the member e 
(d) Maxi.mum load-carrying capacity. For beams 'W:i.thout compression 
rein:f'orcement or with only small a:mounts~ this stage would usuaJ..1y corres-
pend clo sely to the second crushing stage lit However, if reasonable amounts of 
compression reinforcement are used, this stage c.orresponds to buckling of' the 
compression bars and may be signif'icantly beyond the stage described in (c) 0 
(e) Post-ma:x:tmum stageo Beyond maximum load, the mament-carrying 
capacity decreases with increased deflectiono 
In this report, the greatest attention has been paid to the first 
four stages listed above. At yielding and at f'irst crushing, the behavior of' 
the beam. can be described analytieallyo Bevever, at the second crushing 
stage and at maximum load, the damage to the compression zone was sueh that 
analytical expreSsions requiring the use of' stress.....strain relations could not 
be applied. Instead, at maximum. load, empirical expressions were resorted to. 
The post-maxinmm stage is given little or no attention in this report; be-
cause of buckling of the compression reinforcement and advanced deterioration 
at the ooncrete, the behavior in this stage was 'both unreliable and un-
predictable except in general terms9 and any energy-absorbing capacity de-
veloped after maxi l'tnJID. load was considered of doubtful vaJ.ue 0 
.3. Outline of Test Program 
The test program. can be divided into six series of beam tests, as 
• tI -
f'ollow~ 
(a) Series S, which consisted of four beams reinforced in tension 
enJ.y. 
(b) Series B, which contained two beams reinforced in both tension 
and compression and were the only beams which did not possess a column stub. 
(c) Series T, which consisted of 15 . beams reinforced bo th in 
tension and compression0 
4. 
(d) Six beams of Series T which were inverted and reloadado These 
beams have been assigned numbers with the suffix 10 
(e) Beam T-16, reinforced in tension ldth plain bars lubricated 
in an attempt to prevent bondage with the concrete ID The compression rein-
forcement in this beam consisted of standard deformed bars II) 
(t) Series Ii, whiab. consisted of three beams having no compression 
reinf'orcement and very sm.all percentages of tension reinforcamente 
The properties of the beams in each series can most readily be 
seeD. in Table 3 a:nd 40 
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5. Botation 
The following nota. tion is used in this report: 
a 
b 
, 
= area of tension reinforcement 
= area of compressi011 rei nforcem.ent 
= depth of stress block in concrete at first crushing 
= width of rectangular beam 
= compressive force in concrete 
= compressive force in compression reinforcement 
la 
= depth from compression face of be..am to centroid of 
tension rein:f'orcement~ 
d = distance 1:etween the centroids of the compression and 
tension reinforcement 
Ec = modulus of elasticity of concrete; assumed appl"O:x:iJDately 
f 
equal to 1,800,000 psi + 530 fc 
Es = modulus of elasticity of the reinforcing steel assumed 
to be 30,000,000 psi 
fo = computed concrete stress on top of beam (straight line 
theory) 
fS = stress in tension reinforcement 
t 
fa = stress in compression reinforcement 
fy = yield point of tension reinf'orcement 
t 
f = yield point of compression reinforcement (obtained from y 
,test in tension) 
f'ult = ul~te tensile strength of steel reinforcement 
kd = depth to neutral axis of transformed section for beams 
reiDf'orced in tension only (straight line theory) 
t 
k d = depth to neutral axis of transformed section for bewms 
reinf'orced in tension and compression (straight line 
theory) 
II· , 
k = d /d 
kJ.'~ = coefficients defiDing the magnitude and position of the 
internal compressive force in the concrete (Fig. 38) 
.. 
6. 
k3 = ratio of concrete compressive stress in the beam at failure 
1 
to compressive strength of standard test cylinders, f c 
L = length of' beam span 
M,. = bending moment at y:teld point 
Me = bending· moment at first crushing of concrete 
Hmax = maximum bending moment developed 
t 
P 
q 
1 
q 
T 
= E/Ec = modular ratio 
=A/bd 
I 
=J./bd 
t 
= pi/fo 
! t 
= pfy - p.fy 
1 
fo 
= total force in tension reinforcement 
= width of column stub or bearing block 
= midspan deflection at yield point 
= midspan deflection at crushing of concrete 
~ms:x = midspan deflection at maximum moment caITying capacity 
t 
£s,c
s 
= strain in tension and compression steel, respectively 
1 
~'C7 = strain in tension and compression steel, respectively, 
at yield point 
i 
~h'&wh.= strain in tension and compression steel, respectively, 
at work hardening 
t 
Cult Cult = ultimate strain at fracture in tension and compression 
, 
steel, respectively, fram tension test 
&u = concrete strain at first crushing 
J6y = maxl,mtD curvature in beam at yielding 
ric = manJD.Um curvature in beam at crush.i:ng 
~max = maximum curvature in beam at maxi:m:um load-earrying 
capacity 
7. 
II. DESCRIPXION OF TEST SPmIMENS, MATERIALS, AND FABRICATION 
6. Description of Test Spec:iJnens 
The test specmens were all of 6 by 12-in~ in cross section and 
lD-ft. long with a span between supports of 9 ft. The beams of series S, 
if, and N had a column stub of dimensions 6 by 6 by 12-in. cast integrally 
s. 
on the top of the beam at midspan as shown in Fig. 1. Beams T-15, T-16, N-2 f 
and li-3 also bad a column stub of the same dimensions cast integrally on the 
bottom of the beam directly beneath the top stub as indicated by the broken 
line in Fig. 1. 
The load was applied either through the column stub or through an 
S--in. long by 2-in. thick steel bearing block for beams B-.34 and B-35 and the 
inverted beams T-8I, T-IOI, T....,l2I, T-13I, and T-14I which had no stub on the 
top of the beam as tested., 
The principal variables and their ranges of values, omitting the 
inverted beams, were as follows: 
Tension steel percentage, p 
I 
Compression steel percentage, p 
t 
Concrete Strength, fc 
1 
Ratio, P /p 
pry 
q = t 
fc 
f t 
pf -- p f 
f _ Y . Y 
q - ! 
fc 
0.17 to 5.10% 
o to 4.08% 
1905 to 64rfl psi 
o to 2.202 
0.0132 to 0.9520 
-0.2804 to 0.4488 
Stirrups when used CD nsisted of No e 3 deformed bars bent into a 
rectangular loop "With both ends hooked aromld a longi tudj na] reinforcing bar 
on the tension side of the beam. This corresponds to method tlnK as used by 
Gaston (See Refe 1, Fig& 4) \9 The spacing was either 4 or 6 !no and was 
chosen so that the stirrups would be capable of carrying aJ.l of the predicted 
ma:rhmm shear force at a mrl. t stress not in excess of their yield point,., 
7. Hater.ials 
'fhe cement and aggregates used in the test beams had substantially 
the same properties as those used by Gaston (1) • 
The reinforcing steel was of intermediate grade meeting the re-
ElUirements of ASTM deSignation Al5-39. All the bars used as longit11di n a] 
reinforcement were defor.med to meet the requirements of ASTM designation 
~305-5OT, except those in beam T-16 which were plain round bars GI A photo-
graph of samples of these bars is given in Fig. 6 of Ref' 0 (1) e The steel 
118.5 pm-cbased in 22 ft. lengths. 
Properties of each bar determined from. tension tests are presented 
in 'l'able 2eA typical stress-strain diagram for the steel bars is given in 
Fig .. 2. The tension tests were made in a 120,OOO-lbo capacity Baldwin 
Sotrlihwark Tate-Emery hydraulic testing :machine. The strains for the most 
part were measured with an S-in. extensometer and recorded with an automatic 
recording device. However, for the later tests, it was fOmld necessary to 
use an S-in. dial extensometer to obtain readings for the large strains af'ter 
work hardening required for comparison with those developed in the tension 
reinforcement of the test beams. 
10. 
8.. Fabrication and Curing 
(a) Preparation of Steel Reinforcement. The steel reinforcement 
was prepared in the following manner: 
(i) Two pieces, each slightly less than la-ft. long, were 
cut from each bar, leaving a smaller length which was used as the tension 
test specimen. In Beam T-16, l ..... inc thick steel plates were welded to the 
ends of the ttnbonded tension reinforcement to provide end anchorage IP 
(i1) Gauge points for the mechanical strain gauges were then 
marked and punched and the gauge holes drilledo 
(iii) Electricians tape 'Was placed over each gauge hole for 
protection during casting. 
(iv) Corks were wired to the bars at each gauge-hole location 
so that core holes were for.med through the concrete providing access to the 
gauge holes in the tension reinrorcement~ Al though these core holes may 
have inf'luenced the crack formations the effect was negligible since cracks 
would have developed in any event before the steel 'stresses became large. 
Atter the stirrups and ties bad been fabricated, the reinforcement 
was assembled and placed as follows: 
(i) The stirrups were placed around the longitudinal rein= 
forcement and securely 'Wired to it to form a unit. 
(ii) The unit was then placed in the steel forms and proper 
spacing assured by spacers and chairs to give approximately one inch of 
concrete cover at all surfaceso 
(iii) In the beams 'With com.pression reinforcement, SR,-4 
electric resistance strain gauges were mounted on the compression steel at 
110 
the positions indicated in Fig. 3G These gauges were of Type A-ll with l-ine 
gauge lengths. They were carefully waterproofed with Petrolastic asphaltic 
compoUnd or Cycleweld C-14 cement so that they would ftmction properly after 
being embedded in the concreteo The mounting of these gauges was facilitated 
by grinding off the lugs over half the perimeter of the bar for a distance of' 
1.5 in. That the yield point and the ul timB.te strength of a bar are Ii ttle 
affected by removal of the lugs has been shown by Hognestad (Refo 2, p~ 18). 
(b) Casting of' Concretett All concrete was mixed in a non .... til ting 
drum .... type mixer of 6-eu. fto capacity and placed in the forms 'With the aid 
of a high frequency laboratory-type internal vibrator 0 Two batches were re-
quired for each beam. The strength of' these batches varied even though the 
mixer was first conditioned with a Dbutter ~s The first batch was placed 
in the outer quarters of the beam while the last was placed in the central 
hal.:f' so that the critical central section wou1.d have tmifom concrete 
strengths The properties of the mixes are given in Table 1. 
The consistency of the concrete was difficul. t to control because 
the moisture content of the aggregate varied. This is evident in the vari .... 
ation ef slump from 1/2 to 6 in0 
One day after the beams were cast the steel forms were removed and 
the beams stored in a moist room for six addi tiona! days after which they vere 
stored in air until tested.. Beams N-2 and N-3 however were kept in the moist 
room until testing began& Six 6 by 12-in~ control cylinders were east from 
each batch of concrete and were vibrated and cured in the same manner as the 
beams 0 ~ee cylinders from each batch were tested at seven days to give an 
indication of the compressive strength6 The other three cylinders from each 
batch were tested on the day the beam was tested4) 
12. 
SR-4 electric strain gauges were motmted on the top surface of' the 
.beam near the column stub.. Their number and position varied with the beams 
8l,ld are.best ~ustrated by Fig. 4. Gauge points f'or mechanical concrete 
strain measurements on the sides of' beams T-5 to T.-16 inclusive 'Were made 
by cementing small steel cylinders to the side of the beams It Each cylinder 
had a gauge hole drilled into the center of' the plane surface facing outward. 
Their positions are indicated in Fig. 3. 
13. 
III. DESCRIPTION OF APPARATUS AND T:FST PROCEDURE 
9. Description of Test Apparatus 
(a) Loading Apparatus. The beams were loaded in a 300,000 lb. 
capacity Riehle screw-type testing machine with the arrangement shown in 
Fig. 5. The beam was offset in the machine to provide access to its entire 
length for m.echanical strain gauge readings. The pedestal and jack on 
the west end (left side of Fig. 5) supported the +oading beam so that it 
remained approximately level during testing. Load was measured. by means of 
a. 50,OOQ.-lb. capacity elastic-ring dynamometer placed immediately above the 
column stub. (Fig. 5). 
(b) Instrumentation. Strains. in the tension steel were measured 
on six-inch gauge lengths through the (l') re holes. A Berry-type m.echanical 
strain gauge was used for strains less than approximately one percent. A 
direct-reading mechanical gauge equipped with a O.OOI-inc dial indicator was 
used for strains greater than one percent. The precision of the Berry read-
ings were on the o~er. of 0.0000.3 strain, and those of the direct-reading 
gauge approximately 0.001. The six-inch gauge lines on the tension rein-
forcement extended. across the full span of the beam. as shown in Fig. 1. 
The compressive strains on the top surface of the concrete were 
measured with SR-4 electric resistance strain, gauges. The arrangement, 
:mDlber, and type of these gauges differed with the beam series and· are show 
in ~ig. 4. 
The strains in the compres si ve steel were measured with Type A-11 
SJt..4 electric resistance ga.uges of I-in. length at locations indicated in 
'Fig. 3. 
;. 
" ~ •.• 
r ~: 
Concrete strains along the sides of beams T-5 to T..,16 inclusive 
vere measured with the Berry and direct mechanical gauges used for the tension 
reinforcement e 
Concrete strains along the sides of beam N-l were measured. with 
Type A-9 S~ electric resistance strain gauges centered below the faces of 
the column stub at distances of 2 .... in~ and ID-in. from the bottom. of the 
beam. 
The deflections of the beams with respect to the bed of the testing 
machine were measured with a steel scale divided into h'lmdredths of an inch. 
The measurements were made at nine locations marked by paper targets cemented 
to the beams at the locations show in Fig. 1. The midspan deflection was 
more accurately measured with a OoOOl-ino dial indicator defiectometer.., The 
beams of Series N had a special arrangement for measuring deflections at mid-
span-andatthequ.arter .... lxd.ntsfrom-thetopof the-beam so that there vas no 
necessity to have dials beneath the beams if a sudden collapse occurred. 
10. Description of Test Procedure 
After the beams bad cured from 24 to 56 days they were placed in 
the testing machine and prepared for testing. 
The beam was then loaded in increments CI Before yielding, the beam 
was loaded. through four to six approXimately equal. increments of load as 
measured by the dynamometer dialo After yielding, the loading rate was 
governed by the increments of' defiection, since the deflections increased 
rapidlyw.t th Ii ttle increase in loado Loading was continued beyond the maxi-
'mum load until complete collapse occurred or until it was evident tba t the 
specimen was unstable. During the application of each increment, the load 
and the midspan deflection vere observed s:imuJ.taneouslyo 
After the application of each increment of loading the machine was 
stopped and the following data. were recorded: 
(a) The maxiwIm dynamometer load obtained during the incremento 
(b) Deflection,s along the beam together with the midspan de-
flection indicated by the dial gaugeo 
(c) Strains in the concrete from both the electric resistance 
and mechanical gauges o 
(d) Strains in the compression steel from the electric resistence 
gauges. 
(e) Strains in the tension steel from the m.echanical. gauges 0 
(f) Notes as to the general behavior of the beam. 
(g) Photographs were taken at each significant change in the 
appearance of the beam" The cracks and crushing zones were 
marked with black pencils in order that they be easily seen 
in the photographs. Positive film strips 'Were obtained from 
the 35' nnn. negatives and projected on a screen for later 
study. 
The three concrete cylinders from each batch were tested on the 
, same day the beam was tested. 
The recording of all. the data listed above, together with the 
. applies. tion C)f each increment of loading, required app:rqximately 20 minutes 6t 
, '!he complete test of one beam required from £i ve to eight hours. 
16. 
IV 0 RmULTS OF TESTS 
ll. Nature of' Observations 
The nature of the observations were such as to permit a complete 
study of the actual behavior throughout the stages to failure, especiaJ.l.y in 
the region near the column stub where the plastic hinge formedG They were 
alSC? selected so that the validity of a:ny assumptions in the analysis could 
be determinedo 
loads and corresponding midspan deflections were observed 
simultaneously during the application of load and recorded at frequent 
intervals 0 Plots of' load vs (} deflection are most helpful in obtaining an 
overall picture of the behavior of a beamo Load....a.ef'lection curves for the 
various beams tested are presented in Figso 6 through 29~ and are referred 
to further in the subsequent portions of this chapter c 
The point at l1ilwhich first visible crushing occurred is indicated. 
on each of these curves by a legend and arrows. In addition, the points 
marked "cn correspond to first crushing as indicated by the strain measure-
ments, as explained subsequently in Section 2l~ and the points marked lIMn 
correspond to the ma:ximum. loadc 
The measurements taken after each increment of load have been des-
cribed in Section 10; the purpose of each type of measurement was as follows~ 
Deflections were measured at several. points along the span in order 
~;.' ths:t the deflected shape of the beam could be plotted. Such a. plot clearly 
indicated a concentration of rotation at either side of the column stub at 
loads' beyond yielding, indicative of the formation of a ftplastic bingeD 0 
17., 
Strains on the top concrete surface near the column stub were 
measured to detect any localized effects a.t the intersection of the top beam 
surface and the face of the column stub and also to determine the strain at 
which the concrete began to crush. The strain measurements in the concrete 
wi th mechanical gauges along the side of the beam. vere made to assist in the 
determination of the location of the neutral a:xis and also in the determin-
ation of strains at the top of the beam after the'SR-4 gauges had ceased to 
ftmction~ Plots of load-strain curves for Beam T-ll and also a typical dis-
tribution of concrete strain near the stub section at yielding, are sho1m 
in Figs. 31 and 32, respectively. 
Strains in the compression steel 'Were measured to permit a study of' 
the general behavior and al.so to test the applicability to the center ..... loaded 
beams' of the asStmLptions used by Gaston (1) that the compression steel had 
yielded at maxiwmt load$ A plot of' load versus strain in the compression 
steel is sho'W'Il in Fig. 31 for one beam. 
The tension steel strains were also very important!J as the major 
portion of the' angle change was caused by these strains, especially after 
yielding occurred. They were measured over six-inch gauge lengths with no 
attEmpt to study the local. bond failures in the vicinity of the cracks. How-
ever the measurements did indicate that bond failures occurred in the column 
stub section so that strains across this section were sUbstantially constant 
and equal to those on either side adjacent the stubo 
The general nature of the tension steel-strain distribution at 
Jdeld loads is shown in Figo 32, and at maxiwlm load in Figso 34 and 3;0 
.-,,, 
12. Behavior and Mode of' Failure of Test Beams 
.. ' .. ' ... ; , , 
The behavior of the beams differed appreciably because of the large 
range of variableso It is therefore necessary to separate the beams into 
the following groups: 
(a) Series S, 'With no compression rein£orcement 
(b) Series B and T1 with compression re:i.nf'orcem.ent 
(c) Beron T .... 169 vi th plain unbonded bars 
(d) Series N !) with no eompre,ssion reinf~rcement and having very 
small amounts of tension reinforcemento 
'fab1es 1, 2, 3 and 4 should be referred to for assl-stance in picturing the 
properties of the beams in the several seriest) 
(a) The first group of bea:ms~ together wi:tb. those in Series N, 
differed from those of the other series in tha t they had no compression rein .... 
forcement or stirrups Ct The S beams dif'fered from the N beams in that they 
had much larger percentages of tension reinforcement as well as lower concrete 
strengths~ Nevertheless the S bewms were still considered to be under-rein-
forced as judged by the cn tenon that the tension steel in an 1mder .... rein-
forced beam yields before the concrete crushes 0 The behavior of' the beams in 
Series S was essentially elastic until the tension reinforcement yielded, 
although there was a change of slope in the loadc=deflection curve as cracks 
developed in the tension zone~ After yielding, the beams underwent large 
deflections with a gradual increase in load until the concrete crushed. Be-
cause· the percentage of reinforcement was small, the tension steel had 
strained into the work....bardening region. The load=defle;ction curve then 
d'ropped off rapid1y, except in the case of beams S-7 and 8-12 (Figs. 8 and 
9)." After yielding, the load level ror these beams fluctuated ina manner 
I 
~. . 
which suggested bond fai1ur~8. GaneraJJ.y spea.king~ bond failures enable a 
beam to attain larger deflections. 
The behavior of these beams was substantiaJJ.y the same as that of 
similar beams loaded at the third points, as indicated by the comparison of 
beams S-8 and TlLb in Figo 270 
(b) Series B and T are the most extensive test series and form 
the major part of the investigation. The beams in these tvo series were 
reinforced both in tension and compression and were adequately reinforced in 
shear to insure flexural failures" 
A general picture of their behavior is sho1im by a typical load-
deflection curve such as that for T .... 2 or '1'-6 in Figo 160 The first part of 
the curve is typically elastic, the load increasing linearly with little in-
crease in deflectiono Yielding of the steel then "takes place p and plastic 
behavior of the beam. is thusini tiated and accompanied by large deflections 
with slight increase in load-carrying capacityo First crushing of the eon ..... 
crete takes place usually soon after yielding$) but in some cases before 
J"ielding. However, this does not indicate that the beam has failed1 since 
the compression reintorcement is still capable of ca.rry::l.ng compressi va 
forces. Ultimate failure occurs by crushing of the conclTete and buckling of 
the cmp.pression reinforcement or by fracture of' the tension reinforcement~ 
Usually there is a leveling off of the load-def'lection C't:lrVe before the 
,aatual drop begins at maximum load, probably indicating the start of com-
pression bar buckll,ng or instability of the concrete ,in the compression zone. 
Before yielding OCC'Ol.'S,:, the behavior of these beams was substantially 
the same as the behavior of those in Series S with no compression reinforee-:· 
f;.' :m.ante However, after first crushing took place, their behavior differed 
, 
I" 
20. 
beCause the compression reinforcement then began to resist a greater portion 
of the compression foroeo After the concrete in the compression zone he-
ginS to behave inelastically, it mdergoes lateral deformation. This de-
formation strains the stirrups and the compression reinforcement and to this 
action there is a corresponding reaction confining the concrete in much the 
same manner as spiral reinforcement confines the concrete core in a spira1. 
column. The photograph of beam T-3 in Fig. 200 illustrates this behavior 
by showing a stirrup bent out by this latera1. deformationo Because the com-
pression zone tmder these conditions of restraint is able to resist forces 
and deformations much better than in a beam not reinforced in compression 
sndsupplied with stirru.ps, the beams with compression reinforcement have a 
considerable reserve of ductility after first crushing. However, the degree 
of . effectiveness varies, and the following e:xam.ples considering two extreme 
eases should be noted. A beam without compression reinforcement which is 
lisTer-reinforced" by conventional standards, that is a beam in which the 
concrete crushes before the tension reinforcement has yielded, has its duct-
.... 111 tyincrea.sed considerably by the addition of compression reinforcemento 
, .. 1:Iowever, for beams without compression reinforcement that have very small 
percentages of steel and high conerete strengths, the ductility is not in ..... 
. creased to my great extent by the add! tioD of' compression reinforcement, 
. since tb.e compreSSion zone is already· strong enough to resist a force as 
as that which can be developed by the small percentage of tension rein .... 
. ament, even if the tension steel enters the work-hardening range, or in 
eases, reaches its ultimate strength as in the ease of the grossly under .... 
.. -...~,.,.&.-\,.vu. beams of Series N #1 
21. 
The beams of the Series B and T can be said to have two stages of 
failure; that is, (a) crushing of the concrete, and (b) reaching of the maxi-
mwn load-earrying capacity. At ,each of these stages two possible conditions 
JlJ8:1' exist: 
(a) At first crushing of the concrete. There are two modes of 
failure a.t this stage corresponding to the two modes of ul timate:fhllure in 
Oeams with no compression reinforcement: 
(i) First crushing of the concrete while the tension steel 
is still in the elastic range.., This case of first crush-
ing was exhibited by beam T-3. (Fig" 14). 
(:1,1),' First crushL'l'lg of the conerete after the steel has 
yielded. All beams of Series T and B were of this type, 
with the exception of T-6 'and T-3. 
(b) At msplmlm load carrxing capacity. Here again it was found 
:necessary to divide the failure into two disthtCtmodes: 
(1) Crushing of the concrete and l:)uCkling 'of the compressio n 
reinforcement. In this type of failure the compression 
zone undergoes such large deformations that the concrete 
finally becomes so disintegrated that it is able neither 
to prevent the compression reinforcement from buckling nor 
to resist the compression force when the compression bar 
does buckleo However, even though the beam bas lost most 
of its moment-earrying capacity at this point it is still 
able 1:;0 undergo some further deflection. Most of the 
beams were of this typeo 
22. 
(ll) Fracture of the tension reinforcement. In beams with very 
tough compression zones relative to the tension reinforce-
t 1 
ment, that is beams with high values of p or f and low 
. c 
vaJ.ues of p, the compression zone is able to resist a 
force greater than As fult and therefore fracture of the 
tension reinforcement' is inevitable. Large deformations 
accompany this mode of failure, as indicated by beam 
T .... ll which failed in this lDaDIler. (See Figs. 10 and 
13) .. 
Al though the general behavior of the beams of Series BandT was 
s1mi1ar, there was a marked difference in the movement of the neutral axis 
as the load was applied which had a direct effect on the stress in the com-
pression reinforcement. To illustrate the two types of behavior tba t were en ..... 
countered, consider beams T-ll and T-6. Beam T .... ll bad a very high ra tic of 
If
p/p and a high va1ue of f
c
• It exhibited normal behavior until the tension 
, reinforcement yielded. Then, with large strains in the tension steel, the 
c;acks advanced to a posi tien which was actuaJ.1y above the level of the com-
PressiOn steel, with the result that tension was produced in the compression 
steel. With further strains in the tension steel~ the concrete at the top of 
the ,beam reached its 1imi ting strain and began to crush above the compression 
steele The neutral. a:xis then gradually moved dow. to a poSition below the 
:~ieompression steel which therefore again acted in compression. The relatively 
~r: t ... 
~::.:.\. 
'~~'large quantity of compression reinforcement remained ,~lastic throughout the 
.i 
(~:'itest ,and thUs provided a continuing source of resistance against either tension 
~.r' compression creating a tendency to draw the neutral axis toward it. 
'i 
Beam T....6 'With a low ratio of' p /p and a loy concrete strength ex-
emplifies the second type of behavior "Which was more ~cal of the majority 
of the beams. The neutral axis always remained below the centroid of the 
compression reinforcement. The strains in the compressio~ steel vere always 
in compression and increasing. As the loading on such a beam progressed, the 
compression steel strain exceeded the yield point strain. and then increasedg 
in some cases ~ to the beginning of 'WOrk hardening ~ However ~ buckling usually 
occurred before any strains larger than those at work hardening were observed o 
The differences in behavior of the various beams in Series B and T 
can aJ.so be seen by the actual appearance of the beams at the critical stages 
during the loading. Photographs of beams T-6 and T-ll having extreme proper .... 
! ~ 
ties (that is very high values of p and low values of' p and f or vice 
.< c 
versa), together with beam T-4 whieh has intermediate properties~ are show 
in Figs. 11, 12 and 13~ at three stages of bebaviorg (a) at first crushing; 
(b) at the second crushing stage, marked by the convergence of the crushed 
zones with the tension cracks, and (c) at the :ma.xi:mum load==carrying capacity. 
The first stage of crushing is show. in the top photograph of each 
figure. A comparison of these photographs clearly indicates the greater 
advancement of the tension cracks in beam T=ll which had a very low value 
a g 
of q t.han for beam T-6 li.1lich had a very high value of q" In fact the 
tension crack in beam T=>ll advanced above the centroid of the compression 
reinforcement, as predicted by theory 0 The second stage of' crushing is show 
in the center photograph of each figure4\> The previous comments concerning 
the differences at first crushing are also applicable to the second stage~ 
Hovever, in all three beams~ the zone of crushing had increased in depth and~ 
in beams Tcc4 and T-6, the tension cracks had advanced f'urther9 The lover 
pbotographs illustrate the three beams at ma:x:imum load-carrying capacityo 
They show clearly the greater depth of the crushing' zone developed in :the 
y 
beams with bigher values of q., and the greater damage incurred by cracking 
f 
in the lower sec~ions of the beams wi tb. smaller vaJ.ues of q it 
While the characteristics of the beams reinforced in tension only 
differed Ii ttle from their counterparts in the third ...... point loading serles, 
differences were noted in the behavior of beams in Series B and T as compared 
1;0 the correspon~g beams reported by Gaston (1) e The most marked or these 
differences is the greater degree to which the tension steel went into work 
hardening. As a result, the maxjJTl'llD1 moments were greater for the beams 
loaded at midspan, as can be seen from the plot in Fig. 30. In Fige 30, the 
quantity Mma/bd2f~ is plotted as a £tmction of q = Pf/f~. The use of the 
dimensionless parameter q in expressions for the ultimate moment-earrying 
capacity of beams failing in a region of pure fiexure has been discussed by 
. Gaston (1) and otherso The lower carve in the plot is based on the equation 
·._Hma/bd2r~ = q(l-q,!2) which represents Gaston's results for the thirdcapoint 
loaded 'beams reinforced in tension 0D.l.y (see Ref. 1, Fig. 30) 0 Lying 
immediately above this curve is a group of open cl. rcles representing the 
measured maximum moments for third-point loaded beams reinforced both in 
. tensio~ and compression (1). These points show theef'f'eet of increasing the 
maximum moment by the add! tion of compression reinf'orcemente· This efrect re-
sults from both the increased moment am and the increased strength of the 
. :capression zone. The numbers assigned to each point on Fig. 30 represent 
. . t f g 1 
. the vaJ.ues ot a dimensionless parameter q = (pr - P f )/r which has tor 
. y ~ y c . 
'. 
- 'besms wi tb. compression reinforcement a significance corresponding to that of 
the quantity q for beams reinforced in tension onlYe This parameter will be 
a group of solid circles representing the te~t resu1 ts f~r the. beams of Series 
B and if, loaded at midspan through a column stub and having both tension and 
compression reinforcement. Although there is a ten~ency for these beams to have 
r / 2' 1 
. higher values of M~ bd f c because they have higher values of p.. and thus lower 
. , 
"fal,uesof q., a careful study sho'W's that even for beams with the same cross 
f 
sectional properties, that is, equal vaJ.ues of q .. , the so~d circles lie at a 
'higher level than the open Circles, indicating that the maximum moments 
~. 'developed in the :midspe:n loaded beams were higher than those developed in the 
i'third_point loaded beams with comparable propertiese 11ie reason for the 1d~er 
I 
lIaxj1Blml moments in the mid-span loaded beams is that the compression zone is 
'able to resist a greater force, allowing the tension reinforcanent to go 
farther into vork bardening and dwelop higher stresses and strains" In the 
. I 
',caparison which follow between beams C4zn and C4xna of the third point 
r . 
: loaded beam. series and the comparable beams T-2 and T-5 of the midspan series, 
~,', 
~-l.Ieasared strains indicated that the stresses in the compression steel of aJ.1 
w.. 
~:-f.ur beams were at the yield point. Therefore the. noted increase in the re-
k. ' 
isistance ot the compression zone for the midspan loaded beams was due to the 
, . 
j:: 
~ireater stresses carried by the concrete" This was possible because the 
!I-, . 
~:.: frceDerete in the compression zone of the midspan loaded beams was required to 
~::: .. 
~~s1st the maximum force over only a. short length where the Eaximum. moment 
t~ . ' 
l:was loealized, rather than over one-third the length of the beam" 
ilL' ~:'.' The moment-deflection curves for beams C4zn andT-2 are shown in 
~i. 28 while those for C4xna and T-5 are shown in Fig& 29. The yield points j:.... . . . , 
~~t beams !-2 and T-5 are approxi:mately 15 and 10 percent higherS'. respectively, 
~~~ 
~. those of the corresponding third-point loaded beams; this can be attributed 
br.imarily to the 10 and 6 percent increases, respectivelys> in the yield point 
~.'! the tension reinforc_t. Both of the midspan loaded beams, T-2 and 
260 
T ~ .; bad higher ra. tios of maxi mum moment to yield moment than the correspond-
ing third-point loaded beams, as has been mentioned previously. It may be 
noted also that the slopes of the, moment-deflection curves for the midspan 
span loaded beams after yielding were greater than the slopes for the tbird-
peint loaded beams. This is not contradictory to theoretical considerations 
which indicate that the moment-angle change relationships should be the same 
for beams bating si mi Jar properties ~ The deflections of the bea:ms in Series 
B, and T, within the plastie range, resulted primarily from a concentration 
It angle change in the vicinity of the column stub, whereas the deflections 
of the third-point loaded beams resulted chiefly from angle changes dis-
tributed uniformly over the middle third of the span. Consequently , at the 
same midspan deflection, the maximum angle change at the point of maximum 
m.omoot 'WaS appreciably higher for the beams loaded at midspan than for those 
loaded at the third-pointsc This lUSO explains why the tension steel . 
apparently went into work hardening at smaller deflections for the midspan 
;loaded beams., (See positions marked on Fig «1 28 and Fig e 29) «1 
(c) Beam T-16 
This special case is discussed in Section 17 under the effect of 
~ing plain bars for the tension reJ.n:rorcement ~ 
(d) Series N 
This series consisted of three beams with a very small percentage ~:.~ 
~ tEmsion reinforcemEmt and a relatively high concrete strength. (See 
~. 
,'j! 
tbl.es 3 and 4)0 In contrast to normally reinforced beams, cracking was a 
rUCal stage in the behavior of these lightly reinforced beams. The major 
"rtion of the tension force was resisted by the concrete befa re cracking 
i,: 
,'~:~curred, and with the formation of a crack, all of the force was transferred 
""\" 
more or less suddemly to the tension reinforoement., The beams were designed 
in such a manner that the tension rein£oreem.ent would be stressed up to or 
~d its yield point when it was called upon to resist the foree correspond-
ing to the load causing cracking& 
Beams B-2 and :1 ..... ;3 were cured moist for the entire period prior to 
testing, and vere tested :in a moist condition, while If-I was aJ.lowed to dry 
. out... nus was done in order to investigate the effect of shrinkage on the 
_dulus of rupture and the load causing cracking of the concrete 0 
Beams B-2 and Nc::p3 bad cracking loads appreciably higher than B-1$) 
'as shown in Fig. 250 This resul.ted from the higher modulus of rupture de-
ve10ped in the wet concrete as a consequence of less shrinkage (4)0 .Uter 
eracking, the load on beam. :i-I dropped to a value corresponding to the yield 
point of the steel, but at a defiection of about one inch the load bad In-
.. creased again to the value causing crackinge This increase resulted from 
·the added stress due to 'WOrk=-hardening of the reinforcement., The beam finally 
tailedby' fracture of a single reinforcing bar at a defiection of 303 incheso 
The behavior of beam N=2 was similar to that of B-1, however, it 
. had about a .30 percent greater cracking load due to the effect of testing veto 
'<:¥'ter cracking the load dropped and then increased to a maximum at about 
~:'l.5 inches but was nevertheless lower than the cracking loado As in the case 
r' l.f beam B-1, beam. N-2 failed by fracture of the single reinforcing bar at a 
~>, -
~:def1ection of' 2.7 mo 
~; I.. ~e third beam9 designated H-3§ was also tested. in a wet condition. 
~;~~r cracking occurred in this bea.m9 the load dropped about ten percent, then, 
\~tb. increased deflection, the load fluctuated from vaJ.ues below to values 
t. bout equal to the initial cracking load and than began to drop off steadiJ..y 
i;··' , 
~.: 
Bot a def'lection of about 6 ino There was a definite bond failure in this 
)eam~ The beam. vas badly damaged by cracks when loading was stopped at a de ... 
o.eetion of about 9.5 inches. This is shown in Fig. 26b. 
L;3. Effect of Column Stub 
Beams B-34 and B-35 vere the only beams without a column stub 
~ested with midspan loading in this investigation. Their behavior can be 
~ompared with that for beams T-l and T--5, respectively, vhich had properties 
lOst nearly comparableo The comparisons are based on the load-defiection 
~es in Figse 6 and 7 ~ The only significant difference is that first 
~rashing seemed to occur sooner in the beams with stubs. !his was probably 
!l result of the stress concentrations believed to be present at the inter-
;:Jeeti~n of the ·top surface of the beam. and the face of the column stubo The 
variations in the yield loads for B-34 and T .... I can be accounted for almost en-
1;irely by the diff'erence in the yield points of the tension steel. It can 
be concluded therefore that the addition of the column stub in itself had 
practically no effect upon. the load deformation characteristics. Consequent-
~;Y, any differences between the behavior of beams loaded at midspan and at 
," 
the tbi~ .... points probably should be attributed to the nature of the loading 
~tb.er than to the presence of the column stub., 
+.4. Effect of Compression Reinforcement 
The general effect of adding compression reinforcement and the 
~ccom~g ties or stirrups can be studied with the aid of load=d.eflectlon 
~s., There are various ways in which comparisons may be ma.de~ One 
li8thod is to compare beams having equal. percentages of tension rein:forcement 
and concrete strengths; this is done in ~g. 8 in which beams T-9 and S-S 
are compared. It can be seen ~ this figure that both the msThnum moment 
~ capacity and the deflection are greater for beam T ..... 9 with com-
pression reinforcement and ties" Needless to say, the steel strains at 
ms.x:tmum load were also consid.erably greater in beam T .... 9, as is shown in 
Fig. .34. Because the concrete in the compres sion zone was confined and 
teugb.ened by the compression re:inforeement and ties, it could undergo 
greater st~s without decrease in resistance and thereby permitted the 
ievelc;)pement of large strains in the tension steel. It is aJ.so to be noted 
that beam T-9 failed prematurely by fracture of a tension bar at a gauge 
bole whUe the strain was still well below the ul timate strain obtained in 
the tension test of ~ specimen taken from the ~e bar. Therefore there 
woul.dhave been a greater difference ~tween the two beams if beam 1' ..... 9 had 
rS,il.ed normally. However, it can generally be said that the ductility of a 
beam isincrea.sed by the addition of compression reinforcement. 
A second method of comparison is to consider beams with equal values 
, ' t rt q., since this ~eter seems to be a m.easure of (iuctili ty, as affected 
~the ~dition ~t compression reinforcement. Consider beams S-7 and S-12 
t:' 
~ ~pared to T-l, tor which load-defleetion curves are plotted in Fig. 9. 
~t}- . 
"k.· ~~ugh these beams were ohosen so as to have approximately equal values of 
~. ' I'f their other properties were different and the maxhmllll loads which are r af'anctiQn of p and f'1' were qtrl.te different. It is intended how-t.: base comparisons on the ductU,ity; that is the ratio of deflection at 
.~ '. lo~ to that at yielding. The curve for T-l was fairly charaeter-
luc, but the C1lrVeS for 5-7 and S-l2 fluctuated up and down after yielding I attehed rather large deflilctions, probabl7 because of bond failllres. For 
.30. 
this reason, no defind. te conclusion can be reached since the modes of failure 
.ere DOt entirely similaro 
The above discussion has dealt with the effect of a column stub 
east on the top of the beam. Beams T-15, T-16, B-2 andN-.3 also "had a stub 
Df the same dimensions east on the bottom of the bea:m.. Although most of the 
beams could not be compared directly vith similar beams having the stub only 
~n the top, the results of the tests and the observed b~havior of these 
beamS suggests that the presence of a calmon stub on the tension side of' the 
Deam had no significant effect. 
[5 fit . Effect of Varying the Percentage of Compression Reinforcement 
In this caseg comparisons are made in tems of both the load-
i~ection curves and the distribution of steel strain at or near maximu:m 
l~d-carrying capacityo The corresponding curves are plotted in Figs. 10 
:Lnd 35, respectively, for beams T-l, T-7, and T .... ll, all with tension steel 
~rcentage, p, equal to 1.39 and concrete strengths all tti.thin the range 
. , 
~OO ta 4500 psi, but with compression steel percentage p varying from 006.3 
\ " 
, t 
~ 4.0. It can be seen that by inereasing p the maxjmum load-earrying 
. " . 
~pacity is increased only slightly if aIly, bat the deflections at maximom 
~: 
t· 
~ent are increased appreciably. However, two important facts should be t .. '. 
P.einted out: 
t t.· . t f: (a) Beams Tca7 and T-ll which bad relatively bigh values of p 
~~ .. :: 
~ed by fracture of a tension reinforcing bar rather than by crushing of 
\;r !!'I; 
teeoncrete and backling of the compression reinforcement as in T-l. The 
.. e of failure EUhibited by T-l, that is, cro.shing of the concrete and buck-I~ of the bus, 1IO~ be the more desirable of the two modes as the member ~' ','I I 
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still remains in one piece and additioDal deflection is possible after the 
~ lDad-earrying capacity is reached, even though the load-earrying 
Capacity decreases. 
(b) If it is desired to obtain the maximum energy-absorbing cap-
"city in the mest economical manner, adding compression reinforcement in 
relatively large quantities, as was done in beam T-ll, woUld seldom be 
Factical. Returning to the actual eases of beams T-l and T .... ll for an ex-
e, increasing the compression reinforcement by a· factor of six increased 
energy absorbing capacity Qy only about one third. 
1 I 
Effect of Increasing p, 9 and 9 wi th the Ra. tio p Ip Remaining 
.1pproxima tely Constant 
Beams with bigh concrete strength and with low concrete strengths 
considered separately. 
Load-detlection curves for beams T-l, T-2, and '1' ..... 3, with high. con-
rerE~1;e strengths are shown in Fig" 14, and those for beams T-4, T .... 5, and 
with low concrete strengths are shown in Fig. 15. The effects in both 
IfJaJses were fOlDld to be the same and can be summarized in four definite parts 0 
t . 1 
P , and q. increase in magnitude, the following effects can be noted in 
• 14 and 15: 
(a) The yield and maximum loads increase. 
(b) There is a tendency :tor the deflections at maximUm moment to 
even though it can be seen that T-2 has a greater denection atmax:l. ... 
__ ant than T-l. However in the subsequent theoretical analysis it is 
that the deflection of' '1'-2 was larger than would norma.lly be expectedo 
,(c) The ratio of maximum load to the yield point load and the 
c.rresponding ratio of deflections at those loads decrease. 
(d) The slope of the declining portion of the curve af'ter maxt-
.. moment becomes steeper., 
,,' 
t ~7.- Effect of Increasing Concrete Strength with Other Properties Remaining 
~: 
( k . liearly Constant 
i;:' For this case, beams T-2 and T-6 are com.pared, since their proper ..... 
~, ~ . 
Mes are similar E;JXCept for concrete strength, which was 3858 psi for '1'-2 
r" ~d 1905 psi for T-6. 
Comparison of the load-den~ction curves in F~g. 16 indicates a 
increase in the d~f1eetion at maximum. moment with an increase of con-
strength. The ratios of maximum load to yield load and the correspond-
ratios of deflections at these loads inc;rease as the concrete strengths 
These effects may be expected since increasing the concrete 
should increase its ability to resist compression forces, thereby 
, tting the tension steel strains and stresses to reach higher val.ues 'With 
l'ftetll:lll't'9'1I0""t increases in load and deflection before failure. 
"Effect of Loading in 0ne Direction on Behavior Under Loading in the 
~PEsite Direction 
In this study, com.parisons are made for f1 ve pairs of beams. One 
: .:,~f>.r each p!dr was tested in the inverted position after having been 
JnIO'W:UV tested in the normal position. The load-deneetion curves for 
,inverted test are in each case compared with the virgin load-defiection 
for a beam having properties as similar as possible to those of the 
[,nVerted beams. Load-deflection curves for the follow:lng beams are given 
Ln the figures indicated: 
(a) T-IOI 
(b) T-l2I 
(e) Tl51 
(d) Tl4I 
(e) T-81 
vs o 
vs. 
vs. 
vs. 
VB. 
T ..... 2 
1.-7 and 
T-141 
T-7 and 
T-S 
T-5 
Fig. 17 
Fig. 18 
Fig. 19 
Fig. 19 
Fig. 20 
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The extent to which each beam 'Was loaded and damaged before being 
Inverted is indicated by the load-deflection curves in Fig. 21. The origin 
~f the load-defiection curves for the inverted series is show. in this 
F 
i· 
• The pairs of beams are discussed in the same order as listed above. 
(a) Beams T-IOI and 5-12 
A1 though Beam T-101 differed from Beam 8-12 in that it had com-
~iSS:lLon reinforcement, comparison of the behavior of the two beams shows 
characteristic differences exhibited by all the inverted berumse The 
obvious difference in behavior is the lII8l'mer in which the load-de-
curve changes its slope gradually from the elastic to the plastic 
rather than having a definite yield point (Fig. 17). Another feature 
that beam T-IOI has lost a considerable portion of its load-carrying 
~~",'..a.ty since its maximum load is about equa.l to that of beam 5-12 even 
beam 8-12 has a lower concrete strength and no compression reinforce-
The large difference in deflections between those two beams was due 
causes: First, the deflection of beam T-IOI was relatively small be-
btlSe it -was limited by the bar fracture. And second, a fairly large de-
tion was developed by beam 8-12 as a resul t of' a probable bond failure. 
load-defiection curves in Fig. 21 show the extent to which the various 
Iae!lmS were loaded before being inverted. Beam T-IO is show to have been 
D~:tQe~u slightJ.y past the first stage of crushing. 
(b) Beams T-l2I and T-2 
Although Beams T-121 and T-2 have different properties in some 
fl!eIB'DE~ts (Table 3), it can still be seen in Fig. 18 that the energy absorb-
capaci ty of T-l2I was not substantially reduced even though T-12 was 
B~anE~ until the second stage of crushing occurred, marked by the convergence 
the crushed zones with the tension cracks., As before, the load-deflection 
~~p. of T-12I did not eXhibit a definite yield point. 
(0) and (d) Beams T-l4I and T-151 vs. '1'-7 and T-S 
These four beams are compared on the basis of load-def1ection 
Illii!ml"'V'es in Fig. 19. Here again the general. characteristics of the inverted 
~ms are shown. It can aJ.so be noted that the load-defiection curve of' the 
verted beam T-l4I f~s below those of beams '1'-7 and T-S during the early 
,./ 
~ute of load1ng a1 though their IDa.Ximum load-carrying capaci ~ies and corres-
;)nct1llg defiections are comparable. Both '1'-14 and T .... 15 were loaded beyond 
first stage of c:rusbing. 
(e) Beams T-SI and T-5 
A comparison of the load-de.flection diagrams for these beams clear-
.' show that a considerable portion of the energy absorbing capacity for 
T-S was lost. The reason is directly related to the extent beam T-8 
lDaded before being inverted., Beam 'f-S was loaded beyond both the second 
~~'"""",""L~ stage until the maximum. load-carrying capacity was reached and the 
ssion ~s began to buckleo The behavior of T-81 suggests a criterion 
35. 
'for determi nj ng the extent to which a beam. must be loaded in one direction 
before 10 sing a major part of its energy-absorbing capacity in the opposite 
Ureetion. That is, if a beam is loaded in one direction untU its maximum. 
.,.ent capacity is reached it iidll probably l~se a considerable portion of 
its energy absorbing capacity, whereas a significantly smaller amDmt of 
damage was observed if' the initial. loading extended only into the crushing 
A more quantative picture of the reduction in moment-carrying 
::capacity can be obtained by oomparing ratios of the measured ma.x:i.mmn moments 
»t inverted beams nth the :ma.ximmn moments computed by the empirical rela tian-
" 
',' t V 
{ship H , = A :r d (1.50 .... 1.08 q ) which is derived subsequently. These 
.. max sy .
iratios, given in Table 7, vary in magnitude from O~ to 1002, the 0.44 be-
~ing for T-8I which bad been loaded up to the ma.x:i.mmn load-earrying capac! ty. 
~ ~' ~e next larger ratio vas 0.86 for T-12I, 'Which was loaded to the secondstage 
L , 
f~t crushing, and the remainjng beams which were loaded to or slightly past 
f ' 
kirst crushing all bad ratios above 0.90. 
~' 
Ii f _ In addition to the general behavior disCllSsed above, there was 
~SCl) faulting observed (Fig. 22) across nearly vertical cracks near the column 
~'., 
pbs. These cracks, which extended throughout the depth of the beamsSt vere 
~' , 
~,' ~eveloped a.s a result of tension forces having been present in both the upper 
~' 
it( Imd lover sections of the beam. Furthermore, the stirrups were not in a 
It, 
~ . 
• sition to offer resistance to this faulting since it occurred a.cross cracks 
r;l.Qh developed beween the stirrups. 
-Effect of Using Unfunded Tension Reinforcement 
A rational a.DaJ..ysis indicates that if the tension reinforcement 
a midspan loaded beam is unbonded aJ.ong the entire span its stress ilill 
~:' 
r..: 
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constarit throughout its length at a:ny stage of loading. The behavior of 
\etension reinforcement is therefore similar to that of the tie rod in a 
~: 
lfea. arch. The total strain over the entire length of the tension reinforce-
~;. 
':t should be greater than that for a bonded beam where the strain is con-
. trated over the section of greatest moment in the vicinity of the coltmm. 
0. !herefore, in contrast to the bonded beams, the mlbonded beams should 
bit larger defieetionso However, the max:I.m:um moments will not be as 
e·because the unifbrm strains in the tension reinforCement will not ex-
d as far into the work hardening region before the concentrated angle 
e near the stub beco.me; large enough to cause crushing of the concrete. 
In order to verify this hypothesis, Beam T-16 was tested with the 
tension bars coated with oil in an attempt to prevent bond. Com.-
fsons o:f the load-defleetion curve :for beam T-16 with those :for T-I and 
S:34 are shown in Fig. 24. Beams T-l and B-34 had simi J ar properties ex-
.. e latter. A. careful. study of this figure leads to several conclusions 
~.\ 
. ·~t:,. .. . 
IllCerning the behavior o:f the unbonded beam and the validi ty o:f the hy-
r
;.theSiS advanced above. 
~.. (a) The yield deflection o:f beam T-16 was approximately twice as 
~t as that of beam T-l e As predicted by theory, this 'Was caused by the 
E· rs in the tensile steel being of constant value over the entire span. 
~ shown by the measured distributions in Fig • .33411 The deflection at maxi .... t load was also greater for beam T-16. However, at wrrlmmn load-earry.i.ng 
r ity the strains were not 1l!li:formly distributed along the span since r strains corresponding to yield stresses in the reinforcEment were not 
Ircessarily constant. Fllrthermore, at large deflections, frictional bond ~. :ii_ 
37. 
developed between. the reinforcing bars and the adjacent concrete and the 
itrIess could therefore vary somewhat .from point to pointCil 
(b) The maximum load-carrying capacity of beam T-16 was decreased. 
the load actually began to decrease i:mmediately after yielding, and 
equentJ.y only occasionally reached a value above the yield load. This 
is in agreement with the theory. 
(c) After yielding, the load-defiection curve bad up and down 
a;,;;. ... +-t-'at1.ons which could be a ttribtJ.ted to the building up and releasing of 
each of a series of progressive bond slippages or 
...,.".,.. ... _._-- occurred. 
(d) The downward slope of the deflection C'Ul"Ve beyond maximum 
for beam T-16 is quite steep as compared to that for beam. T-l or B-34o 
appearance of beam T-16 at maximum. load is quite different from. that of 
,comparable bonded beams· (Figo 23)., Rather than having numerous cracks 
the tension zone, there was only one major crack on either side of' 
column stub. This resulted from the absence of bond required to transfer 
stresses back into the concrete adjacent to the frist crack that 
In summary, the effect of using tmbonded tension reinforcement 
to be coBl.parable with that predicted by the hypothesis. The energy--
capacity of the unbonded beam up to yielding seemed to be in-
However" although slightly greater deflections were developed by 
the maXitmum moment TJaS less and the overall -energy.....a.bsorh-
capacity vas no greater, if not less9 than that for the similar bonded 
, V. EXPRESSIONS FOR CRITICAL MOMENTS AND DEroBMA.TIONS 
:Mom.ents and Deflections at Yielding of the Tension Reinforcement 
Yielding, of the tension reinforcement is the first critical stage 
'the behavior ot a reinforced concrete member since it marks the boundary 
elastic and inelastic behavior, corresponding to an abrupt change 
slope of the load-deflection curve. The moment referred to as the yield 
of the member is well defined on the load-def1ection curves in Figs .. 
Expression for Yield Moment 
The prediction of the yield moment can be made by means of ex-
, sions dev~loped by Gaston (1) using the same assumptions and method of 
To develop these expressions tor yield lDOmant the following 
must be known: 
(a) The force in the tension reinforcement. 
(b) The distance between the tension force and the center of com-
The tension force is the product of the yield point of the tension 
fy~ and the area of the tension steel, As. The distance or moment 
between the tension force and center of compression is jd. This distance 
"determined by assuming that the stresses in the concrete a:r:e distributed 
19a.:L'..I..V, as was done by Gaston (1). The yield moment is 'the product of the 
foree and the moment arm. Therefore the expressions for the yield 
(a) For beams without compression reinforcement 
14: = A fild y s (1) 
j = (1-k/3) (2) 
k =jzrm + I' 2 (3) (pn) -- po. 
n = E/Ec (4) 
E s = 30,000,000 psi (5) 
the value of' Ec' the initial tangent modulus of' elasticity for the 
y 
..... _~ .... .co may be determined as a f\mction of' f'c from the .following empirical 
(6) 
(b) For beams with compression reinforcement 
(7) 
k' = [np+(l-k" )(n-l)p ,] + [<n-l)p '. + n~2 - [Cn-l}p' + np] 
(8) 
It t 
f t = (;k _ ~ 1 k -1) fen 
s .. k (10) 
ES = 30,000,000 psi 
t 
Ee = 1,800,000 psi + 530fc 
Comparison of Measured and Computed Yield Moments 
40. 
(4) 
(6) 
The computed values for the yield moments are compared id th the 
I1118!I.B1lbI"ed values in Table 50 For beams without compression reinforcement, 
ratios of the measured to computed y:i.eld moments averaged 1.10 and ranged 
1.08 to 1.17... For beams with compression reinforcanent, the ratio of 
urad to computed yield moments averages 1.03 and ranges from 0.95 to 
los. 'fhasa values oompare wall ldth the corresponding ratios for the third 
lint loaded beams (1). The computations in this section and the subsequent 
~. 
';;'.·tions always ,took into account the moment due to the weight of the beam.e 
I·' 
There are several factors which may lead to errors in the computation 
~r' 
I~. ~ eld moment: 
II .1 .... 
U 
, (a) The yield point of the tension steel may differ from that in-
.~ "Cated by the test specimen even though the specimen was obtained from the 
bar. The difference between measured and computed yield moment for beam. 
must be accounted for in this fashion because the computed moment would 
". ;.t be as high as the measured moment even if the moment am for the forc:a 
!,. was taken as larga as d. 
(b) , The concrete strength may also differ somewhat from that in-
:~ted by the cylinder tests9 however, this would change the results very 
t t (e) In beams with high values of p and low values of f and p , 
c .' 
! 
high values of q and q .. , large concrete stresses are developed at 
yield moment. Hence, the use of a secant modulus of elasticity for the 
~f.l'lC:t"elift:' _would be more appropriate than the initial tangent modulus o This 
,1WUIIJl".l,o ..... give higher values of n, and would therefore yield higher values of 
()~ k ~ #I Higher values of k or k ~ would in turn give lower values of j 0 
"Oltimate ef'f'ect is that of lowering the computed yield momentse Hovever, 
IiS1Jrlce the ratio of' the measured to computed moments is usua.lly greater than 
even f'or the beams with high vaJ.ues of q, it is apparent that this 
!ItA<P.p~''1". is probably not present to any marked degree or, if present, is 
1£d.."',"""".O!!,,,"_ by other sources of error. 
In conclusion, the use of' the conventional n straight line" ex-
sions have been f'ound to be quite satisfactory f'or the prediction of the 
Midspan Deflections at Yield Moment 
The prediction of' the yield deflection is based on essentially the 
principle as that used by Gaston (1)9 with an addit~onaJ. assumption as 
the distribution of' angle change through the column stub or bearing block 
The midspan deflection of So simple beam supported at tow-o points A 
B is equal to the bending moment at midspan for a beam simply supported 
,~ and B and loaded nor.nia1 to the line connecting A and B with the portion 
'the curvature or M/EI diagram between A and B., (See Refe 3~ section 153)0 
, if' WEI, that is the curvature, is known at each point along the 
the midspan deflection can rea.dily be CcmLputedo 
The curvature or angle change may be com.puted from the expression 
I where I is the moment of inertia of the section of the beam transformed 
e ' 
.concrete (1)10 However, the curvature may be more readily determined by 
a geometrical expression since it has fwer terms and the calculations 
utilize information obtained previously from the yield moment com .... 
. tionsct That Is, the curvature is equal to the strain in the tension 
divided by the distance from the centroid of the tension steel to the 
i:JllLU .• CLdoo axis. At the critical section, where the great~t moment at y:i.eld-
occurs, the c.urva ture IS. is as shown in Fig &- 36 .. y 
For beams vi th tension reinforcement only 
(ll) 
For beams with compression reinforcement 
rJ.. - 7 ~ - t 
'7 _ (l~')d 
(12) 
values of' curvature at yield moment at other sections of' the beam are 
~~I&~ to be as folloW's~ From the critical section at the face of colUIml 
I 
or bearing block to the support, the curvature is assumed to vary linear-
trom": to 00 Through. the width of the stub or bearing block, the curvature 
. y-
. ~sumed to remain constant and equal to 16y " Pictorially the assumed dis-
.... ..,~.v.&.",.u. of curvature is shown in Fig. 370 
Using the principle stated previously, the expression for computing 
defieetion at yielding is therefore 
A 9J. 2 2 
U y = i (21. + 2wL ..... w ) (13) 
Comparison of Measured and Computed Yield Deflections 
The ratios of m.easured to computed values for the yield deflections 
shown in Table 5. These ratios average 1.13 and range from 0.9S to 1.29 
and average leOO with a range of 0.90 to 1.10 for 
The actual curvatures tend to be higher than those_ computed, es-
in beams with high values of q, pr:iJna.ri1y because of the effect of 
the initial tangent modulus rather than the secant moduJ..us.. The effect 
t 
to increase k or k .. as show previously for the moment computations, and 
, 
turn to reduce 1 ..... k or 1 ... k with the result that the computed de-
should be lover than the measured values e The comparisons of 
and comput~ yield deflections support this conc1 usion as evidenced 
the average ratio for the B and T Series of 1.13, and also by the tendency 
this ratio to increase with higher values of q. The average ratio of 
to computed deflection for Series S is 1.00, where the average 
ue of q vas compari ti vely lover 0 As in the case of yield moments, these 
. tics compare well with the corresponding ratios for the third-point loaded 
The assumption that WEI or curvature varies linearly from the face 
. ,the stub or edge of the bearing block to the supports is correct, provided 
EI remains constant, since the moment is governed by statics and varies 
"""""" .......... ,J'.. The assumption of a constant value of Ec along the length of the 
is valid previde(! the stresses in the concrete are not so great as to in-
an appreciable difference between the secant and tangent moduli" For 
with hfgh values o£ q and accompanying high concrete stresses a.t yield, 
decrease in concrete stress at sections away from midspan could conceivably 
sa some variation in the effect! va modulus. Similarly, the varying height 
~: f the cracks as a function of the varying moment along the span could in-
4 -
duce variations in the moment of inertia. However, neither of these effects 
conveniently be taken into account, nor does this seem necessary in view 
f the rela ti vely good agreement between measured and computed deflections 0 
:1 " e, assumption that the distribution of curvature remains constant over the 
~··dth of the stub or bearing block was considered to be justified after the 
;-. . nes of measured tension steel strains and measured concrete strains near 
~{ 
e ~tub had been studied o 
An example of the measured distribution of tension steel strains is 
veIl in Fig. 37 e The validity of the assumption regarding the tension steel 
It should be noted, however, that this condition would 
sult only if the width of the column stub or bearing block is small enough 
. t propagation of cracking and bond failure may occur across the full width 
stub. 
An e:xmnple of the measured concrete strains is given in Fig. 32~ 
gil values of strain near the face of the stub are seen to be present. HoW'-
: r, through the stub, the concrete strains were probably smaller since the 
.~~.: 
., 
,~th of the cross section was increased. 
I:. 
In view of these considerations and the comparisons of measured. and 
pated values of yield deflections, the assumption that curvature was con-
t and equal to 9i. over the width of the stub was used, sinc e it vas simple y . 
~ •. d partially compensated for the high strain concentration near the face of 
In oonc1lsion, the use of expressions similar to those used by Gaston 
vas found to be satisfactory for the computation of' yield deflections. 
Ii t· 
Moments and Deflections at First Crushing 
The first critical stage of behavior was yielding of" the tension 
sent. The second critical. stage is first crushing of the concrete 
the critical section near the column stub. The amo'tmt of damage that bas 
at this stage probably does not seriously impair the future useful .... 
s of the member (Section 18). 
This stage of behavior for midspan .... loaded beams corresponds more 
less w the ultimate stage for beams reinforced in tension only and sub-
Revever, in the midspan ..... loaded beams the crushing is 
1I.V!~c::u • .l.zed and further increases jon both the lOOment-carrying capacity and de-
take place before the maximum. load-carrying capac! ties and corres-
IIIIIIiI,Uu...!..Uc deflections are reached (Section 12). This effect is rather insignif .... 
for the beams reinforced only in tension as shown by the comparisons of 
crushing :moments and deflections 'With the maximum moments and de-
(Figs. 8 and 9). However the effect is quite considerable for beams 
both tension and eompression reinforcement (Figs. 6 and 7), since these 
of strength and ductility after first crush-
occurred 0 
Expressions for Crushing Moment 
The predictions of the first crushing moments can be made by a trial 
error procedure with conditions similar in some respects to those llSed by 
for the uJ. timate moments 0 
The crushing moment can be computed if the compression forces and 
moment arm. between the centroid of these compressive forces and the 
troid of the tension force are knOw.D.\1t The compressive forces can be com-
on the basis of the assumption that the stress block in the concrete is 
46. 
developed wen the concrete begins to crush at a limiting strain of 
• Stresses in the compression and tension' reinforcement must corres-
strains campa. tible with the assumed limiting concrete strain. These 
tions are shown in Figo 38. From statiCS, the tension foree must equal 
compressive force; that is 
(14) 
and 
t t • 
A f = k.k3f ab + A f s s ~ e s s (15) 
from which 
(16) 
t • 
lquation 16 the values of fe' b, As' and As are mOl.ro., and the value of 
.. 
computed from the following empirical expression: 
IavAW~"', three variables are still mlknO'WIle Since the compression steel cottld 
in the yield range, in the elastic range, or in some cases in tension, no 
e assumption could be made as to the magnitude of its stresse Further-
the tension steel stress could be in the elastic, yielding, or work 
This expression differs from that used by Gaston in Reference (1) and given 
in Eq. 14 of that reference, nevertheless it is an adequate representation 
of the data plotted in Figo 19 of Reference (1). 
47. 
ening range,. and again no definite value could be assigned. The procedure 
'~: ed therefore, was to assume a value for the depth of the compres sion zone 
~ . 
," and a value of 0.004 for the unit strain in the concrete on the top of the 
at the critical section near the column stub. Stresses compatible with 
':: rains, assuming a linear strain distribution, were then ca.lcuJ.a.ted for both 
{' 
'~;',etension and compression reinforcement. If equation 15 vas satisfied when 
, . 
;:. ... ~. 
,;, e'fttlues of these stresses were substituted in it, the corrected value of 
.~ been chosen. If the equation was not satisfied, new values of !! were 
:t snmed and the calculations repeated until the equation was solved. 
t 
In the beams without compression reinforcement the solution is 
and 
f 
A f = k..k':lf ab 
ss -:l.,.,c 
from which 
_wever,. from the strain diagram (Fig. 38) 
" {. 
and 
a £u. 
d = .. ," 
~+, 
d 
(17) 
(18) 
(19) 
(20) 
(2J.) 
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:.......,,1""'117'11" equations 19 and 21 one obtains 
, 
f = ~k3f'c~ 
s As(~·+·c~) 
All the terms in the equation are known or have been assigned 
(22) 
except fs and E:.
s
• Equation 23 thus expresses a relationship between 
and E:.. The stress-strain curve is another such relationship. When 
s 
two rela tionsbips are satisfied simal:taneQttSly, the correct values of' 
and e. are known. This solution was obtained graphically using equation 
. s 
the actual stress-strain curve for the tension reinforcement. 
Once £ is k:nov.n, the tensile force T = A r can be computed. Also, 
s s s 
depth to the neutral axts 1! can be o~ed from equation 19, and the 
force 01 can be easily computed. 
Once the compressive stresses have been determined for beam either 
o.r without compression reinforcement, the moment arms of the compressive 
were then required to compute the crushing moment. The moment arm of 
,compression steel force about the centroid of the tension reinforcement 
t 
d. The moment arm for the com.pressi ve force in the concrete 'Was 
to be d ..... ~a, where ~, the distance from the top of the concrete to 
.eentroid of the compressive force C1 ' was assigned a vaJ.ue of 0042. 
For beams with compression reinforcement, the expression for the 
""":'""""~ moment is, therefore, 
(24) 
49. 
ere r' and a are computed from the trial and error procedure$ The corres-
s 
ding expression for crushing moment for beams wi tho~ compression rein .... 
(25) 
Cgmparisons of Eeasured and Computed Crushing Moments 
The stage of behavior of the beams corresponding to the crushing 
IieJlGt computed as described above is not easily defmedo At first$) an 
,~ tempt was made to correlate the computed crushing moments with the measured 
" ants corresponding to the stage of first crushing as indicated on the load-
"ection curves; these points on the curves were based principally on the 
tten description of the test phenomena. Since the corre1S.tion between 
,,6 computed moments and these measured moments was considered 1.msatisfactory, 
better physical indieaticn of -first e:rushingu vas soughto Further study 
dieated that a satisfactory measure of first crushing corresponding more 
sely to the eompnted moments was obtained f'rom a consideration of the 
pressive strains in the concrete as measured by the electrical resistance 
So By this criterion, first ernsbing was assumed to bave oeeuroo whan 
,observed strains reached a maxhmnn vaJ.ue sad began to decrease (Figo 31), 
bably as a reaul t of detacbment of the strain gauge owing to crushing of 
.e concrete. The stage in the test at which this occurred 1s indicated on 
L . 
" 
. e load deflection curves by a vertical line marked DCD 0 
Measured and computed moments at first crushing are compared in 
The ratio or measured te computed lBO:metlt varied from 0.80 to 1 0 26" 
8 variation is considerably larger than that for yield moments in Table 
500 
;, bat this was to be expected because at the difficulties in obtaining both 
aeasured and cempnted values. However, the rational procedure used for com-
pati:ag the moments at first croWing is considered satisfactor.,ro 
Expressions for Crnshing Deflection 
The angle change at the cn tical section at the face of the coltlmB 
.tu.b or bearing b10ek at first crashing can be detemined easily by geometrica1. 
- -
eonsiderations in a)Damler similar to that used for yielding~ That is, sinee 
the depth ot the compression zone is known together with the strains in the 
tmsion reinforcement aud in the concrete on top of the beam, the expression 
tor the curvature or angle change can be determined by 8Z!Y "f the three follow-
ing expres siens .. 
i \, 
~. 
~ _ Cs _ ~ __ ~""S""'!+~St_ 
C - d-a - a. - . .d. . (26) 
However, the variation of curvature along the 1ength of' the beam is 
1!1ff'icul t to determine, because the above expressions cannot be extended to 
~., 
~', 
~PPly at any section except the one at which the greatest moment occurSo In 
t' 
s 
~tion, the strains on the top at the concrete or in the compression steel 
ili 
':.t" 
ters quite variable and difficult to estimate., 
w. .. 
~,' An empirical approach was therefore adopted, assuming the midspan 
~'. 
~~ection to result entirely from concentr;ated angle change at each face of 
I' . r coltllllll stub. This concentrated angle change was assumed to be equal to 
~e computed curvature at the cn tical section, (~ + ~ )/ d distributed over 
(eonstant length derived empirically by comparisa: wi~ the measured de-
t~s. Satisf'actor,y results were obtained by assigning the value d to 
I: ~ s required length. The. concentrated angle change was therefore equal to 
51. 
+ &u)d/ d It By mul tiplyi:cg this concentrated angle change by the distance 
hA'tiWSEm the face of the stub and the support, the foll&wing expression for the 
at first crushing 'Was obtaine<h 
~ :: (& +~) (I/2 ..... w/2) 
e s-u 
(27) 
5G1l&1jJLOn 27 applies to beams reinforced in tension only as well as to beams 
.e:!JU"o:rc:E~ in both tension and compression. 
COJlptrisOn~, of Measured and ComPUted C;rtlshing Deflection 
The measured deflection at f'irst crushing was taken as that 
In~sl::lOn~r11J:lg to the measured moment determined as described previouslyo 
deflections are indicated by the line marked HCft on the load-def'lection 
The ratios of measured to computed crushing deflections show in 
6 have an average value of 1.04 and a range of a.So - 1.404& The met&d 
therefore considered to be satisfactory. 
Although the assumption that the deflection is caused by a con-
ted angle change is fairly close to the actual conditions for beams 
1 
low val.ues of q it is far fran the true conditions for beams wi th h1gh 
f 
of q. since crushing may occur before yielding, ill which case the dis-
~"'II.&.Ud."'.u. of curvature is similar to that at yieldingo Nevertheless,· the 
ts given in Table 6 show no consistent differences for beams with high 
'. 1 
In val.ues of q -0 
A1. though in previous sections a second stage of crushing :marked by 
:eanvergence of the crushed zone with the tension cracks was discussed, 
pi: 
~ .. 
~,: 
I, 52 
W • ~' 
~. 
~:no attempt was made to develop expressions for ei th:er mo~nts or deflections 
I:at this stage. There are two reasons why this was not done: (a) It would 
i-ihave been extremely di:ff'icult to define this stage of' behavior accurately in 
\;' tte1'mS of measured quantitities~ and (b), no rational basis could be f01md 
fer COlllpu.t:!.ng moments and deflections at this stage of behavior. 
I~I ~~" ~' Ductility Factor at First Crushing 
In connection with the design of blast-resistant structures~ 
_ N_ Newmark (5) has introduced the ttductUity factor- Which is defined as 
}the 'ratio of the maxbnnm to the yield deflection. A lover limit to the 
~'nctility factor for the beams tested in this investigation is given by the 
,. , 
~r tio of deflection at f'irst crushing to deflection at yield. Values of this 
tio,in tems of measured deflections, are plotted in Fig. 39 as a f'lmction 
/. t 
:;,f the ratio q /~r' and in Fig. 40 as a function of q/Clcr. The values 
~ , 
(~. tted in these figures are listed in Table S. 
I 
The quantity Cler is the value of q, or q ,.' for which crushing of 
:',: e cone-rete will occur simul taneously with yielding of the tension reinforce-
The expression for qcr is given in Reference 1, equation 23, as 
values given in Table 8 were computed for 
£u = 0.004 
f:.y = flEs 
Es = ,30 x 106 psi 
! 
The plot of ductility factor versus q./~r in Figo 39 shows a trend 
bat little positive correl.ati.on~ Th:i.s is nOJt entirely 1mexpected since the 
. ' ,t 
peld. deflection is not a function of q... and the Cr.ushing deflection is 
t 
related to q only if the compression reinforcement had yielded at the time 
the concrete crushed which was true only in certain beams. The curve shown 
I 
:.- ~Fig III .39 is equation A28 from. Fig.. A9 in the Appendix. This curve rep-
, I 
resented fairly well the d.tlCtill ty factor at :ma.x:i.mmn load for the beams 
( reinforced in both knOw. and compression but loaded at the third-pointso It 
is evident from Fig. 39 that the ductility at first crushing of the beams 
, loaded at midspan 'Was appreciably less than that given by the curve for 
" ' t 
",eorresponding values of q /~r. There are at least two reasons. for this: 
(a) The beams'loaded at midspan bad relatively large amounts of compression 
1 
.reinforcement, as indicated by the low or negative values of q " with the 
"result that the compression reinforcement was seldom at the yield plint 
n crushing began. And (b), the first crushing stage corresponds usuaJ.1y 
a smaller a:mount of defomation than that at maxi-mum load for the third-
loaded beams ; actually, the second stage of crushing for the beams 
1I~iJ,JDaclE;3Q at midspan would be exprected to correspond more closely nth the 
I!IlD&XLnrum load for the beams loaded at the third-points .. 
A much better correlation was obtained between the ductility factor 
first crushing and the ratio qj q ,as may be seen from Fig .. 40. The 
. cr 
shown on this figure is again equation A28 from Fig. A9 of the Appendixo 
though this curve appears to f1 t the plotted points well, the significance 
this agreement is obscure since the points on Figc 40 are plotted as a 
tanction of qj <icr while those on Fig. A9 for beams loaded at the third-
- 1 -
points are plotted as a ftmction of q_/~r. It seems, probable, therefore, 
that the agreement of both of these sets of data with the same equation, 
t 
using q in one case and q." in the other is only fortui taus and that 11 ttle 
significance should be attached to it~ Nevertheless, comparison of :P.igso 
40 and A9 sholfS clearly that the ductility factors at first crushing for 
beams loaded at midspan are less than those at maximum load for beams 
! 
loaded at the third points, since q 'Will always be greater than q for beams 
w.i th compression reinforcement& 
22. Moments and Deflections at Man:mllID Moment 
After the beams With both tension and compression reinforcement 
passed through the stages of yielding and first crushing they vere still 
capable of resisting additional moment and mldergoing large deflections be-
fore the maX; mum moment was developede However, by the time that the ma:xi-
m.tml moment had been reached the beams were very badly damaged, as evidenced 
by their appearance and by their inability to develop their potential re-
sistance when loaded in the opposite direction (section 18) .. 
In some of' the' beams of' Series S ~ th no compression reinforcement 
·,there was an increase in moment-carrying capacity after first crushing, but 
the amount was negligibleo However, in al.l of these beams the deflection in .... 
~:ereased considerably after crushinge This behavior could l10ssibly be attribut-
ed to bond failures. 
~, The moments and corresponding deflections or rotations at maximum 
~ .. ' tioad are undoubtedly of interest as indications of the total energy-absorbing 
f: ' 
~:eapaci ty that can be realized before complete collapse under a single load .... 
"t· r~in. g occurs. However ... the importance of this stage should not be over-emphasized I I 
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since the dams,ge to the beams at maxj:mum load was such that any structure 
composed of similar members wo.uld be incapable of reSisting fUrther lQad or 
wi tbstanding subsequent loads applied in the opposite direction. 
Expressions for Max:i.mum Moment 
The expression for maximum moment was developed by an empirical 
. proe:ea.ure since inherent difficulties were encountered when an attempt was 
r-de to derive rational relationships. Some of" these difficulties were a:? 
f:follows; 
(a) The concrete in the upper p:>rtion of the beam at the critical 
!~ ~;section near the column stub bad crushed to such an extent that the original 
J:crQss-section of the beam. had been reduced. 
li (b) The tension steel stresses were usualJ.y well above the yield 
~;point since the steel bad strained into the work hardening range. After work 
~ardening, only the ma.:x:i.mmn tensile force and final strains were recorded in 
" st of the tension bar tests and therefore the value of the tension steel 
(tress 'Was quite difficult to estimate. t . 
(c) The compression steel stresses were not always at the yield 
". int as assumed by Gaston (1) since there were some beams in the midspan-
t 
dad series with relatively high values of p e 
(d) In addition, it was believed that the combination of stirrups 
d compression reinforcement confined the concrete in the compression zone 
that it was able to continue reSisting large forces even though consider-
e deformation took place. 
The empirical relationship for maximum moment was derived by 
_. 'bitrarily assuming that the moment am between the centroid of the tension 
inforcem.ent and the centroid of the compressive forces was equal to the 
I 
distance d ; that is the resultant of' the compressive f'orces acted at the 
level of the compression reinforcement. A nominal tension steel stress could 
then be computed by dividing the measured maxi mum moment by the product of' 
t 
the area of' the tension steel and the distance d. 'When this nominal stress 
vas divided by the yield stress of' the steel a ratio was obtained which could 
rtf f 
'be related to the dimensionless quantity q = (pf' .... p f' )/f • A graph of' 
. Y ," y: C 
f 
this ratio versus q is show. in Fig. 41. A straight line fitted through 
1ili.ese points by statistical methods yields the equation 
~e empirical expression for maximum moment could then be derived by re-
~ the terms in the above equation, thus: 
~ 
~ .. 
}'. 
1:' . 
il~ 
{;t··, . 
r-
f 
& .. 
~ 
I f 
Mw\fi_ = A d f' (1.50 - l.OS q ) ~ s.y " 
Comparison of' Measured and Computed Max:iJnum. Moments l; 
~" The use of the derived empiricaJ. equation y:i.elded. e:xeellent results 
~ shown by the ra. tio of' measured to computed maxi mum moments in Table 7 e I. 
~e average ratio was 1.00 with a range of 0.97 to 1.05 f'or the Series B and I' 
i;'" The equation a1.so yielded quite satisfactory results for Series S by 
, 
__ ~ d = 9 in. The average ratio of' measured to computed moment for 
as S was 1.00 with a :range of' 0.96 to 1.09. The corresponding ratios for 
}~inverted beams ave~ed 0.93 with one vtllue as lov as 0.44. This clea.r-
.::indicated the Ides in maximum moment-carrying capacity as a result of' 
t. 
t;' 
\1--' • 
ID:i..l12 been loaded in the opposite direction. 
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The theoretical basis for using the dimensionless parameter 
I 1 I / I 
= (p f ..... P f ) f cannot be show directly by a rigorous analysis but a l' .' Y c 
1 
1:'(~«mE,ra.J.. qualitative picture of the influence of q can be given by consider .... 
y 
the effect that each variable in q has on the ratio of the nominal 
1f1.rl.'1"8SS f s to f y • First, if the concrete strength is increased, the compression 
will be able to resist a greater compressive force and therefore the 
~nsJ~on steel will be forced to strain further into work hardening before 
r , 
yield stress. Second, if p .fy is increased, the effect 'Will be identical 
the effect of increasing ~e concrete strength. And last·, if Pf'y is de-
~~oed, the ra tio of f' to· f will am;t; n be increased because the tension 
. s y c-
~"V'''~''''' will have to undergo fUrther strains before its force is increased 
I'EttlJQ'tl1l!n to equal the force that can be resisted in the compressive zone. In 
above discussion each variable was changed so as to decrease the val.ue of 
with a consequent increase in the ratio of' fs to f y • That is, each change 
IIIIIO',Q'~u..&.ted in an increase in moment. 
In view or the relatively good cOmparisons and the simplicity of 
I 
derived expression it can be concluded that this empirical approach to 
prediction of maximum moment was sati;:;f'actory... However, since the ex ..... 
l.-gg'o..a.\;;I'.L& den ved is empirical, it IIlUSt be considered 1imi ted in.: scope to 
corresponding to those tested. 
Deflections at Max:i.mt:nn Moment 
An. attempt was made to develop relationships for compUting de-
tiona at max:hDllm load. However t as in the case of maximum momenta, 
.... .&. .... ,,'"u.ty was encountered in deriving rational expreSSions, primarily 
!bees:ase the properties of the beam could not be defined precisely at this 
?; 
Deflection depends primarily on strains whereas moment is a f'tmction 
Jchiefly of stres s. Since the tension steel 'Was in the 'Work-bardening range 
~t failure and the compression steel was usually in the yield range, it is 
~ 
,~dent that the strains were much more indeter.minate than the stresses. For 
li 
'I:" ~~i. ea:ms failing by crushing of the concrete B.L"'ld bllCkl ing of the compression 
~. einforcement, the def'lection at failure 'Was very sensitive to small changes 
< 
.:~ . the strength of the compression zone. In such cases, a small increase in 
* .' 
~e strength of the compression zone required a considerable increase in the 
i!;; 
t: 
steel strain in order to develop the additional increase in tensile 
Three beams failed by fracture of the tension reinforcement. In 
ese cases, the deflection at failure would depend to a large extent on the 
timate strain developed by the steel. The steel strain at failure in the 
.;:ests of tension coupons varied from 14.2 to 29.4 percent; however, in the 
~'sts, fracture occurred at even lower strains owing to the presence of strain 
'!l.f. 
-
:age holes drilled in the bars. For example, the ultimate steel strain at 
,; cture of the bar in beam T-9 was only 4.7 percent, and the deflection at 
for this beam was consequently relatively small. 
The deflection or rotation at failure is primarily a function of the 
I r y 
81aXlJlocmn curvature, which can be expressed as (£. + £.s)/d , were £. and £.s s . s 
the maximum strains in the tension and compression reinforcement respect-
It has been pointed out in connection with the discussion of maximum. 
/ I 
ant that the tension steel strain increases as the value of q decreases. 
f Y 
wever, the compressive steel strain, ~s' tends to decrease as q decreases, 
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effect opposite to that for tension steel strains. Nevertheless, since the 
lJAi:.im~31.0n steel strain is the dominate term, it seems reasonable to assume that 
deflections at ma:x:imu:m moment will vary in some manner as a function of 
'. 
No success was achieved in any attempt to relate the derlection at 
t 
1il2!L%1lnum. load to the parameter q.. aJ. though several different plots were tried. 
fairly good correlation was 0 btained, however, between deflection and the 
ft 1 1 1 
Ei1LSll1bil.ty q = (pf .... p f )/f , where f is the effective stress at wnrImam s. y c s 
~,...._ determined from the empirical relation shown on Fig. 41; that is, 
This correlation is shown in Fig" 41, and affords a purely empirical 
of estimating the max:immn derlection for beams similar to those tested. 
ft 
is, however, theoretical justification for using the parameter q. If' 
eqmte the forces On a section as vas done in the caleu1ation of' crushing 
, the following equations are obtained: 
(28) 
(29) 
t f 
ve asStIme that:r = r and f = the nomina] stress computed for maxbmm 
- - -s y s 
(30) 
6.0. 
(31) 
q-aantity k:Lk.3 is usually close to one. Furthermore, since the strain in 
compression steel is relatively small, and varies partially as a function 
U over a small range, it would be expected that the deflection at maximum 
u 
would vary in some manner with q • 
Ductili ty Factor at Ma.xi:m.um. Moment 
The ratio of deflection at ma:x:i.:mum load to deflection at yield may 
considered an upper limit on the ductility factor for beams tested in this 
This ratio was studied as a function of' several diff'erent 
t ~e13E~rs involving the properties of' the beams, and plots versus q., g/ qcr' 
q'lja are shown in Fig. 43, 44, and 45, respec:t;lvely. 
. ~""Cr 
'I 
The plot of' ductility factor at ma:x:i.:mum load versus q in Fig. 43 
a general trend f'or the beams in Series T and B; the 101.'1 value for 
T-9 is a direct result of the fracture of a tension reinforcing bar at 
low vaJ.ue of' strain. The results for the beams of Series S, 
compression reinforcement; do not seem to follow the general trend 
. vall. Also shown on Fig. 4.3, are points corresponding to the beams 
a.t the third-points (1). In general, these points lie well below 
f'or the beams loaded at midspan as wouJ.d be expected from the previous 
sions of the differences in behavior mder the two types of' loading. 
A plot versus qf~r is shown in Fig. 44. No correlation is observed 
wellld any be expected since the parameter q takes no account of the com.-
sian reinforcement and its significant effect on the behavior at matimnm 
This fig\tre is included primarlly to permi t a comparison between the 
tili ty factor at maT.imum load and the corresponding factor at crushing as 
IIsllO"iiD. in Fig. 40. The curve from Fig® 40 is reproduced on Fig. 44. A com-
IIIII;;ICI .... '...,.-- of this curve with the plotted points on Fig. 44 shows clearly the 
... oeea:t increase in deflection between crushing and ma.xi:mum load. The only 
~!:eep1iJLOIJL6 are the beams of Series S, without compression reinforcement, 
the ma.xi:mum load for these beams was reached shortly after crushing 
In Fig. 45, the ratio of deflection at maximum to deflection at 
1 
plotted as a. function of the ratio q /q • Although considerable 
" cr 
_ ... ''1"_0..... is in evidence, a general trend can be seen. The curve shovm on 
figure lies below all points except those for beam T-9, which failed by 
of a bar at a very low strain, two beams of Series S,. rithout com-
. sion reinforcement, one beam of Series B, without a column stUb; and 
This curve may be considered to represent a reasonable minjmum 
for the ductility factor at maximum load applicable to typical beam ..... 
; 
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VI. SDMMARY 
• §ummarY 
The object of this investigation was to study the load-deformation 
,-__ ... ,.,-_.c,... stics of simulated beam-column connections in reinforced concrete. 
simply supported beams loaded at midspan through 
"\ofv.,Io ........ - stub. 
The preparation of the test specimens and the manner of carrying 
the tests were described in Chapters II and III, while the results of the 
were presented and discussed in Chapter IV. For the discussions of the 
of the beams in Chapter IV, the tests 'Were divided into four groups: 
(a) Series S, with no compression reinforcement. 
(b) Series B and T, with compression reinforcement. 
(o) Beam T-16,with plain unbonded tension bars .. 
(d) Series N, with no compression reinforcement, and having very 
small aJDOtmts of tension reinforcement. 
The beha:vior of the beams in Series S was similar to that expected 
fonner tests and anaJ.yses and differed little from the behavior of 
beams in the third-point loaded series. However, in some cases large 
were developed after ma:ximmn moments as a result of pro hable bond 
Series B and T, the most extensive test series, consisted of 17! 
• The behavior of these beams, some of which had relatively large a:mounts 
~n'i"'F~~sion reinforcement, differed from those of Series S in that greater 
were also greater than those for similar beams loaded at the third-
points. Two modes of ultimate failure were exhibited by the beams in Series 
B and T: Crushing of the concrete and buckling of the compression reinforce-
ment, for most of the beams tested; or fracture of the tension reinforcement, 
! 
which occurred only for beams wi tb. very low values of q • 
The beams of Series B, loaded at midspan but without an integrally 
cast column stub, behaved in much the same m.anner as the beams of Series T 
:'iith the column stub. This suggests that the greater strength and ductility 
\Of' beams loaded at midspan was a result of the type of loading and the result-
moment gradient ra ther ~han of the presence of the column stub in it-
• This conclusion, however, must be qu..a.lified in view of the fact that 
two beams without stubs were tested. 
Six beams of Series T were tested in the inverted position after 
..... " ......... E> been loaded in the upright position to a point beyond first crushing 
the concrete. These inverted beams eXhibited no definite yield point but 
little loss in energy-absorbing capacity unless they bad been loaded 
near their ma.ximum. moment capacity in the other direction. 
The three beams of Series N were tested in order to study the be .... 
of' :t'eams 'With very small percentages of tension reinforcement. The 
indicated that their behavior was characterized by a sudden decrease 
=iO.a£1· .. c!lr.I'VinQ' eapaci ty with the formation of tension cracks 0 This effect 
area of steel present being unable to resist the 
force which was transferred more or les s suddenly from the concrete 
. cracks developed. However, in general. the behavior of these beams was 
ductile after cracking, and in one beam, a ma::x::i.mum moment in excess 
cracking moment was reached. 
Chapter V was devoted to the derivation of expressions for computing 
critical points on the load-def'lection curves€! Satisfactory expressions 
developed for computing the moments at y:telding, crushing, and at the 
~~ moment together with the deflections at yielding and at first crush-
• Although the developnent of an analytical expression for the computation 
, defiections at the ma.x:imu:m moments was not considered justified, a plot 
presented to show the relation between these deflections and a dimension-
parameter involving the knO'WD. properties of the beams. 
Ductility Factors 
The ductility factors based on deflections measured in the tests 
shown in Fig. 40 in terms of deflection at first crushing and in Fig. 44 
of deflection at maximum load.. The values in Fig. 40 are believed 
~T~"'iI::I!:~t=rr'Ii':. a reasonable minimmn and corresponds to deflections producing 
dmnage to the concrete on the compression side of a member. The 
in Fig. 44 should be considered a ma:x:imum. for any given beam since the 
to a beam at ma.x:imu:m load was . usually such that no further reliable 
e structural resistance should be expected of it. The ratio of 
_xilJmm to the mininmm value of the ductility factor, corresponding to 
load and first crushing, respectively, ranged from about 3.0 for 
t 
values of q to as much as 8.0 ror the beams with negative values of 
• • oJ 
of course, presents a probl.em as to what value should be used for 
ty factor in any particular case; h01tleVer, no genera.1ly applicable 
can be given to this question on the basis of the tests reported here-
e choice necessarily involves judgement leading to a decision regard-
amount of damage that may be permissible in any given case. 
The range of ductility factors in terms of qf Clcr in Fig. 40 or 
"fL in Fig. 44 ~~' quite large. Although ,the q ..... ~eter may in certain 
~r 
have almost any vaJ.ue in the range considered, the values for typical 
according to current specif'ica tions for working stresses vary over a 
t 
er range. For beams reinforced in tension only, q./~r is identical 
qf~r and ranges from about 0.20 for structural grade reinf"orcement to 
0.35 for bard or rail grade. If beams are reinforced in both tension 
. t 
'compression, the value of q/~r will usually be very similar to that for 
with tension reinforcement only; that is, in the range 0.20 to 0.35. 
, the value of q,/ <Icr may be on the order of 0.40 or 0.50. 
If beams are designed £Or moment in one direction and then are 
under moment of opposite Sign, the tension and compression reinforce-
are interchanged. For rectangular beams, the vaJ.ue of qj ~r under 
loading 1Jill usually lie in the range 0.10 to 0.20 but may be as 
y 
as 0 • .30, while the values of q / q will be nega ti ve and may range 
. cr 
At a beam-eoltmm. intersection, T-beams will usually be designed 
:"negative momenta; that is, with the f'lange on the tension side of the 
f 
• Under reverse loading, the quantities q and q. must be computed for 
'Width equal to the width of the flange.. Consequently, q/qcr ldll 
! . 
relatively small positive values, and q /q will have small negative 
. cr 
In summary, typical. values of qf'lcr for beams 'Will range from 0.2.0 
, but under certain circumstances may be a.s low as O.lQ or as high 
• Typical. values of q t/o _ -will range between -0.35 and +0.35 • 
. ~r 
Tied columns~ rein£orced sym.etrically will have values of q/q 
cr 
. . r -. 
roughly eorrespondllig to those given for beams, and values of q/~r equal 
· to zero. Al though test data are not available it seems reasonable to be-
: 'Iieve that the ductility factors for spiral. columns 'Would be greatly in 
. ·.excess of those given in this report for beams at maximum load. This would 
result from the confinement of the concrete and compression reinforcement 
Rotations at Beam-Column Intersection 
The analysis of frames subj ected to lateral loading requires knov-
of the moment-rotation cb.a.ra.cteristics at the bea.m-column intersections; 
t is, at the j'Oints of the frame. Although the results of the tests have 
discussed in the report priroarily on the basis of midspan deflections, 
. may easily be converted into rotations at the column stubt/1 
At the yield moment, the midspan deflection resuJ. ted from angle 
varying linearly from zero at the ends. of the span to a max:i.mmn value 
t to the column stub. For purposes of analyses, however, dividing the 
deflection by the distance from the end of the beam. to the face of 
, colmnn stub yields an equivalent rotation which may be considered to be 
trated at the beam-column intersection for purposes of analysis. 
Practically all of the midspan deflection occuring after yielding 
. tlle result of angle changes which could, for all practical purposes, be 
as concentrated at the column stub. Therefore, the rotation at 
can be appro::x:imated very closely as the 
deflection divided by the distance from the end of the beam to the 
of the column stub. 
Ductility factors in tems of rotation w.i11 be the same as the 
i'r'f'IBstOnClJ.ILg factors in terms ot midspan deflections since the span of the 
does not change.. However, i't lllUSt be pointed out and emphasized that 
ductility factors reported herein are a function of the spa1').-d&pth ratios~ 
of the beams and :must be modif:ied for beams having proportions dif£erent 
those of the beams tested. The reasons for this are discussed below. 
Since the midspan def'lection a.t yield results from. angle changes 
U.L..I.w ..... ".......... along the entire length of the beam, it varies as the square of 
span length. That is, we may write that 
l::J. y = a flmetion of t/J1' 2 (32) 
~ is the ma"timum angle change adjacent to the column stub and the angle y , 
is distributed along the span in a maImer sooh as that shown in Fig. 
The conditions are di£ferent at first crushing and at maxinmm load. 
stages, the greater portion of the midspan def'lection, that is, all 
denection subsequent to yielding, is the result of angle changes con-
ted in a relatively small region adjacent to the column stub. These 
changes, summed up over some length may be treated as a concentrated 
change, or rotation, acting at the face of the stub. For deflections 
crushing it was found in Section 21 that good agreement with the 
, results could be obtained by summing the maxinmm angle change ~ over 'a 
. c 
e equal to the depth of the beam, d. The exp;ression for deflection 
crushing may then be written as 
~ = a function of rJ. d L c c 
rb is the maximum angle change at first crushing. (Eq. 26)" 
c 
From equations 32 and 33 we may 'Write 
(33) 
(.34) 
evident from equation .34 that the ratio of ~/~y as a function of the 
.~'r-I"_Les of the cross-section embodied in the 9J terms will not be independent 
For booms having rations I/d greater then' those in these tests, the 
ty factor at first crashing could be less than that obtained from 
40, and vice versa. In the tests reported herein, aJ.1 beams were tested 
$pan of 9 ft., and the values of g, the eff'ective depth to the steel, 
about lO.5 in.; the resuJ..ting value of I/d is 108/10.5 = 10.3. For 
~e .... :n'\+' values of I{ d it is suggested that the ductility factor for first 
may be obtained from the following expressions: 
the primed deflections refer to beams having any given value of L/d and 
Em~,nJHed. values on the right band side correspond to those obtained from 
described in this report. It:nm.st be emphasized that this method 
jIr ............. \,I,v ... ...L..L.IL~ the effect of I{d is only approximate and that no results are 
from tests with varying values of I/d. 
The ductility :factor at maxi mum load should vary 'With span length 
the same ~er as th~ ductility fadtor at first crushing (Eqs. 34 and 
.4P However, there is no direct evidence that the depth of the beam. enters 
1DaxinmID load in e:xactly the same manner as at first crushing. It seems 
R:'ei~O\O'.LJ,Q,ble to assume, however, that the ductility factor at maximum. also 
_o..J,,.,,. ... , .... as fUnction of II d, and that a correction like that given by equation 
can be used at maxinnnn load as well as at first crushing. 
In summa.r.r, ductility factors in terms of rotations are the same 
in terms ofdef'lections and may be est:i:mated from Fig. 40 for first crush-
and Fig. 45 for maximum load. These figures refer to bea:ms having an 
ratio of about 10.3; for different vaJ.ues of I/d, the ductility factors 
'~Iodo"'~'''' from the figures should be modified as indicated by equation (35) <II 
1 .. Gaston, J. R., Siess, C. P., and Newmark, N. M., HAn Invest...-
igation of the Load-Deformation Characteristics of Reinforced 
Concrete Beams Up to the Point of Failure, It Oi vil Engineering 
Studies, Structural Research Series No.. 40 , University of 
Illinois, December 1952. 
2. Hognestad, E., uA Study of Combined Bending and Axial Load in 
Reinforced Concrete Members,ft University of Illinois Engineer-
ing Experiment Station Bulletin No. 399, Nov. 1951, p. 1S .. 
3. Shedd, T. 0 .. , Vawter, J., "Theory of Simple Structures, t1 
John Wiley and Sons, Inc., Second Edition, 1951, p. 351 .. 
4. "Report on Significance of Tests of Concrete and ,Concrete 
Aggregates, ft American SoCiety for Testing Materials, Second 
Edition, 1943, p. 13. 
5.. Newmark, N. M., It An Engineering Approach to Blast Resistant 
DeSign, R Proceedings, American' Society of Civil Engineers, 
Vol. 79, Separate No. 306 .. October, 19'.3. 
TABLE 1 
PBDPERTIFS OF CONCREI'E MIXTURl!S 
Cylinder Cem.eri.t* Ag~egate*' . 'Ag~egate* . . 'Slump . 'Age 
Strength P water . Cement , .' ,Sand 
psi in. Days 
Batch . Batch Batch Batch Batch 
1 2 1 2 1 2 1 2 1 2 
4631 4151 1.44- 1 eM. 7.97 7.,97 2.44- 2.,44 2 3/4 5 29 
4669 4G73 1.48 1.47 7.82 7.82 2.48 2.4$ 2 3/4 6 '.29 
2802 2642 0.99 1.00 10.76 10.76 2.16 2.16 1 1 1/2 35 
2391 2484- 1.02 1.03 10.76 10.76 2.16 2.16 11/2 2 1/2 36 
5060 4760 1.48 1.4.8 8.57 8.57 2.65 2.65 3/4 1 46 
2443 2345 0.88 0.88 10.59 10.59 2.22 2.22 21/2 4 24-
3548 3897 1.45 1.38 7.84 7.84 2.46 2.46 1/2 1 36 
2849 3858 1.33 1.33 7.83 7.83 2.40 2.40 2 6 34 
4384- 4266 1.38 1.42 7.84- 7.84 2.46 2.46 5 1/2 3/4 35 
4193 4540 1.57 1.60 7.82 7.82 2.51 2.51 6 4 _ .... 37 
4466 4330 1.23 1.23 8.50 8.50 2.70 2.70 1/2 2 42 
5967 4470 1.29 1.29 8.56 8.56 2.67 2.67 11/2 3 43 
4230 4367 1.40 1.40 8.56 8.56 2.67 2.67 11/2 2 42 
44.14 4847 1.62 1.54 8.52 8.52 2.80 2.80 11/2 2 47 
4221 4030 1.40 1.37 8.58 8.58 2.68 2.68 11/2 ~ 1/2 29 
3620 3700 1.34 1.34 8.60 8.60 2.65 2.65 i/2 37 
.3190 2230 1.00 0.99 10.75 10.75 2.18 2.18 1 11/2 40 
2248 2021 1.13 1.13 10.88 '10.88 2.,19 2.19 11/2 1 1/2 33 
~737 1905 1.02 1.06 10.83 10.8,3 2.20 2.20 3/4 1 J/2 41 
3610 2440 1.14 1.04- 19.82 10.82 2.20 2.20 1/2 ... 30 
2893 2693 0.96 0.98 10.82 10.82 2.20 2020 1/2 1 .. 45 
5245 4415 1.80 1.85 8.60 8.60 2.65 2.65 2 1 1/2 .38 
5673 6138 2.20 2.20 5.78 5.78 2.51 2.51 1/2 43 
5914 5649 2.23 2.13 6.00 6.00 2.52 2.52 0 43 
6591 64ff7 2.15 2.11 5.10 5.10 2.12 2.12 11/2 1. 56 
Batios 
TABLE 2 
PBOPERTIES OF REINFORCING BARS 
Tension Reinf6rcement . 'Compression Reinforcement 
r 
. . . . . -oro -. _. r' . I t t # 
Y f:,y £Vb. ult CULt "y Cwh f~t ~t Y 
ksi % % ksi % ksi % % ksi % 
44.8 . O~192 - - -1~13' . -74~O' . -~~ ~ ~ -
45.0 0.115 1.22 73.5 •••• 
45.0 0.192 1.08 •••• ...... 
4.3.6 0.173 1.01 69.5 •••• 
46.-5 0.146 1.85 75.1 28.6 47.2 0.162 - 3.12 74.6 •••• 
48.4 0.1.44 1.05 8505 15.9 47.2 0.162 1.04 82.4 •••• 
41.8 0.120 1.31 71.9 23.1 47.9 0.168 1.36 77.0 20.1 
45.4- 0.150 1.80 73.1 Zl.8 50.0 00168 0./11 87.0 18.9 
44.7 01t150 1.57 73.7 18.0 46.1 00142 1.20 78.7 20.3 
40.9 0.ll2 1.65 68.9 24.6 42.5 0.112 1.05 76.5 22.5 
42 .. 6 0.142 1.38 71.1 26.8 46.3 0.187 1.68 72.9 2l.5 
42.5 0.131 1.27 72.1 19.3 46.1 0.168 1.74 7204 29.4 
46.0 0.135 1.87 72.2 29.1 45.8 0.150 1.95 72.8 Zl.9 
56.9 0.198 1.Cfl 92.8 14.2 46.0* 0.151* 1.80* 72.3* 29.3* 
4104 0.148 1.70 67.5 •••• 40.9 0.l4S 1.57 67.7 24.0 
47.0 0.14S 1.52 75.5 •••• 40.5 0.148 1.32 70.1 • ••• 
47.1. 0.131 1.10 81.8 16.5 4507 0.168 1.18 77.2 22.3 
48.4 0.150 1.05 84.0 23.8 46.6 0.131 1.12 81.3 16.6 
56.5 0.1f!Jl 1.23 92.1 2204- 49.7 0.150 0.97 87.3 15.4 
45.0 0.131 1.09 76.6 21.9 49.2 0.168 0.98 86.8 19.3 
52.5 0.206 1.07 88.9 14.2 41.5 0.112 1.33 70.8 26.9 
49.,3 0.168 0.98 86.8 19.3 45.0 0.131 1.09 76.6 21.9 
46.3 0.187 1.68 72.9 21.; 42.6 0.l42 1.38 71.1 26.8 
45.8 0.150 1.~5 72.8 Z7.9 46.0 0.135 1.87 72.2 29.1 
46.0 0.15~ 1.80 72.3 29.3 56.9 0.198 1.r:J7 92.8 14.2 
40.9 0.148 1.57 67.7 24.0 41.4- 0.148 1.70 67.5 .... 
40.5 0.l4S 1.32 70.1 •••• 47.0 0.148 1.52 75.5 ..... 
44.1 0.148 0.86 65.8 2104 47*0 0.235 1.4J. 75.1 17.0 
47.6 0.148 1.51 74.9 15.0 
49.1 ••••• 1.60 73.4 15.0 
41.6 0.148 1f1P31 71.7 .",e. 
data were available for bars used in this beam; therefore, values 
are average properties of No. 10 bars used in Beams T-ll and T ..... 12. 
TABIE 3 
PBDPERTIES OF BEAMS mADED AT MID-SPAN 
1 
Cylinder Reinforcement . ·Yie1d Point of d d S~pSize 
Strength Quanti ty and Reinforcement in. in~ and Spacing 
r Size (ksi) f psi 
c Tens. Comp. Tens. Comv· 
fy r y. 
. 
• • • ~ .. ~ , .. .. .. .. " .' • # • .. ~ • ,. - # • • • ~ • • • • • • • • • 
4151 3-4 . 0. 44.8 •••• 10.72 •••• 1t •• It •••••• 
4m3 2.;;d4 ••• 45 (to •••• 10.72 ..... • ••••••••• 
2642 2-4 ••• 45.0 •••• 10.72 •••• • ••••••••• 
2484 2-3 ••• 43.6 • ••• 10.79 •••• .........• 
4760 2-6 2-4 46.5 47.2 10.58 9.18 No.3 at 6ft 
2345 2-7 2 ..... 5 48.4- 47.2 10.51 9.10 No. 3 at 6~ 
3897 2-6 2-4 41.8 47.9 10.58 9.30 No.3 at 6" 
3858 2-9 2 ..... 7 45.4 50.0 10.37 8.86 No.3 at 4~ 
4266 2-11 2-8 44.7 46.1 10.20 8.64 No • .3 at 3~ 
4540 2-6 2-6 40.9 42.5 10.58 9.16 No.3 at 6~ 
4330 2-6 2-3 42.6 46.3 10.58 9.25 No. 3 at 6~ 
4470 2-6 2-10 42.5 46.1 10.58 8.74 No.3 at 6t1 
4367 2-10 2 .... 9 46.0 45.8 10.28 8.44 No.3 at 4~ 
4847 2-9 2-10 56.9 46.0 10.37 8.68 No.3 at 4f! 
4030 2-6 2-6 41.4 40.9 10.58 9.06 No.3 at 61! 
3700 2-6 2-6 47.0 40.5 10.58 9.08 No.3 at 6'11 
2230 2-5 2-4 47.1 45.7 10.65 9.37 No.3 at 6u 
2021 2-7 2-5 48.4- 46.6 10.51 9.16 No. 3 at 6'-' 
1905 2-9 2-7 56e5 49.7 10.37 8.88 No.3 at 4ft 
2440 2-6 2-7 45.0 49.2 10.58 8.84- No. 3 at 6~ 
2693 2-4 2-6 52.5 41.5 10.72 9.18 No.3 at 6" 
2440 2-7 2-6 49.3 45.0 10.26 8.84 No.3 at 6ft 
4330 2-3 2-6 46.3 42.6 10.67 9.25 No.3 at 61! 
4367 2-9 2 .... 10 45.8 46.0 10.16 8.44 No.3 at 4J.1 
4847 2-10 2 .. 9 46.0 56.9 10.31 8.68 No.3 at 411 
4030 2-6 2-6 40.9 41.4 10.48 9.06 No.3 at 6~ 
3700 2-6 2-6 40.5 47.0 10.50 9.08 No. 3 at 6~ 
443.5 2-6* 2-4 44.1 47.0 10.75 9.42 No.3 at 61! 
6138 1-3 ••• 47.6 • ••• 10.79 •••• ••••••••••• 
5649 1-3 ••• 49.1 • ••• 10.79 •••• ••••••••••• 6407 1-4 ••• 41.6 ",0 •• 10.91 •••• ••••••••••• 
round bars. 
7,_ 
TABLE 4 
- -
-
DERIVED PBOPERT:rn3 OF BEAM IDADED AT MID-SPAN 
, f 
. ~ . .' .. . . . 
. -Reiriforcemeri:t ""Percentage' . 'pf - '¢-"'f" I t -p 
Tension Compression p /p q - :...:z. q - Y.. -" Z 
- t - , p(%) p' (%) fc .. 'f c 
• • _ _ • I' • • • _ ,. • • .. .. J • • .. ,. ,. ,. • .. , • • • .; ._ ~ • 
- ,I' ... - • -
0.93 0 0 0.1006 0.1006 
0.62 0 0 O.0t£7 0.0687 
0.62 0 0 0.1059 0.1059 
0 • .34 0 0 0.0597 0.0597 
1.39 0.63 0.453 0.1358 0.C1733 
1.90 0.98 0.517 0.3921 0.1943 
1.39 0.63 0.453 0.1492 0.Cfl17 
3.21 1.93 0.601 0.3777 0.1276 
5.10 2.58 0.506 0.5349 002558 
1.39 1.39 1.000 0.1252 -0.0049 
1.39 0.35 0.249 0.1368 0.0998 
1.39 4.00 0.288 0.1321 -0.2804 
4012 3.24- 0.786 0.4338 0.0944-
3.21 4.OS 1.2:71 0.3768 -O.OlCfl 
1.39 1.39 1.000 0.l427 0.0016 
1.39 1.39 1.000 0.1767 0.0248 
O.o/!'! 0.63 0.645 0.2049 0.Cfl66 
1.90 0.98 0.517 0.4552 0.2285 
3.21 1.93 0.601 0.9520 0.4488 
1.39 1.89 1.360 0.2564 -O.l251 
0.62 1.37 2.202 0.121.3 -0.0898 
1.95 1.43 0.733 0.3936 001298 
0.34 1.37 3.983 0..0368 -0.0981 
3.28 4.17 1.Z71 0.3436 -0.0954 
4.11. 3.23 0.786 0.3904 0.0112 
1.40 1.40 1.000 0.1421 -0.0016 
1.40 1.40 1.000 0.1531 -0.0249 
1.38 0.63 0.46 0.1379 0.Cfl10 
0.17 0 0 0.0132 0.0132 
0.17 0 0 0.0148 a.oJ.A.S 
0.31 0 0 0.0199 0.0199 
TABLE 5 
COMPARISON OF MEASURED AND CQMPlftED V.A11IES FOR YIELD 
MOMENT AND DEFLIDTION 
:seam ............. 'Yield 'MOment· ... ~ . . . . .. . . . . . 
'Yield Deflection 
Meas. Compo MeaSe Me'a$, Campi ~. 
Compo Compo 
(ft...kips) (in) 
..... \ 
.......... , ...... .- .... , .. , ... . ...... 
S-6 2.3 • .3 21.5 1.08 0.24 0.22 1.10 
5-:7 16.0 14.7 1.09 0020 0020 0.98 
s-s 15.7 14.5 1.08 0.21 0.21 1.01 
8-12 9 • .3 8.0 1.17 0.17 0.19 0.90 
Average 1.10 Average 1.00 
Range 1.08 ... 1.17 Range 0.90 - 1.10 
B-.34 34.2 32.0 1.(17 OoZl 0.24 1.14 
B-.35 47.2 43.8 1.08 0.33 O •. ~ 1.18 
T-l 28.6 28.7 1.00 0.26 0.22 1.19 
'1'-2 67.1 66.,9 1.00 0 • .33 0.28 1.15 
T-3 101.4 99.3 1.02 0.11 0.32 1.17 
'r-7 29.7 28.2 1.05 0.22 0.20 1.10 
T .... IO 31.3 30.0 1.04 0.24 0.20 1.18 
T-ll 29.6 28.7 1.03 0.2.,3 0.20 1.13 
T .... 12 89.2 83 0 8 1.06 0 • .,38 0.30 1.29 
'1'-13 89.4 83.9 1.CJl 0.39 0.33 1.19 
T-14 30.6 28 • .3 1.08 0.22 0.21 10ffl 
T-15 3.3.8 32.2 1.05 0.'Z7 0024- 1012 
T-4 22.7 23.0 0.99 0.23 0.24 0.98 
T-5 44.8 43.9 1.02 0.31 0.28 . 1.08 
. T-6 82 .. 1 82.5 1.00 0.4.3 0.38 1.13 
T-S 28.8 30.4 0.95 0.24 0.23 1.0.3 
T-9 17.9 16.9 1.06 0.25 0.23 1.10 
Average 1.03 Average 1.13 
Range 0.95 - 1.08 Range 0.98 ... 1.29 
.... 
. ~-l6 .31.6 31.1 1.02 0.22 0.55 2.49 
......... 
Beam' 
TABL'E 6 
COMPARISON OF MEASURED AND OOMPUl'EI) VALUES FOR CRUSHING 
MOMENT AND DEFLECTION 
7.S. 
. .. , . . .. , .. 'CrusliiIig 'MOment· . . . Crushing DeflectiOn' . 
Meas. Comp. Meas. Meas. Compo Measo 
(£t-kips) Compo (in) Compo 
....... " . . . . . . .. , , . . . .. . . . ~ ... ~ .. ' . ., ,.. ,.. . ." . . ~ . . ." ~ 
S-6 26.0 Zl.5 0.95 1045 1.44 1.01 
S-7 18.7 19 .. 3 0.96 2.15 2.06 1.04 
S-8 18.6 18.6 1.00 1.95 1.58 1023 
S....J.2 •••• •• 00 • ••• •••• 2.38 • ••• 
Average 0097 Average 1.09 
13-34 37.1 36.4- 1.02 1.52 1.33 1.14 
B-35 51.1 46.7 1.09 1.37 0.98 1.,40 
T-l 3203 35.8 0.90 1.47 1.30 1.13 
'1'-2 6904 6904- 1.00 0.84- 0.94 0.89 
'1'-.3 101.0 102.4 0.99 0.75 0.68 1.10 
T-7 32.3 34.3 0.94 1.19 1042 0.84 
'1'-10 34.6 34.3 0.98 1.09 1.27 0.86 
T-ll 35.7 34~3 1.04 1.28 1.ll 1.15 
'1'-12 89.8 8507 1.05 1.02 0.81 1.26 
'1'-13 89.9 95..4- 0.94 1.16 0090 1.29 
'1'-14 32.8 32&3 1.01 1.00 1.20 0.8.3 
: '1'-15 35.7 37.7 0.95 1.23 1.21 1.02 
24.0 30.0 0.80 0.9'7 1.22 0.80 
45.5 47.9 0.95 0.72 0082 O.ss 
73e4 83.1 0.88 0.48 0.-52 0.92 
32.3 .34.6 0.93 1.21 1.06 1.14 
21.6 17.1 1.26 1.33 1.39 0.96 
Average 0098 Average 1.04 
Bange 0.80 - 1.26 Range 0.80 - 1~ 
77. 
TABLE 7 
COMPARISON OF MEASURED AND COMPUtED VALUES OF MA.mmM MOMENT 
Beam .. , . , , 'Maximtmi 'Moment· . - - - -Deflection at Ma:ximmn Moment 
Meas. Compo Meas. Meas. 
(ft ..... kips) Comp. (in.) 
. . . . ~ . . . i· •... 
S-6 26.7 28.0 0095 4.7 
S-7 18.7 19.2 000/7 2.2 
s....s 18.8 18.7 1.00 2.9 
S-12 11.2 10.3 1.08 3.7 
Average 1.00 
Range 0.96 - 1.09 
:8-.34 43.1 4404 0.97 5.6 
13-35 54.8 56.8 0.96 2.9 
T-1 42.7 40.6 1.0; 6.1 
T-2 92.6 91.3 1.01 8.4 
T-3 122.9 122.9 1.00 4.9 
T-7 42.5 41.3 1.0.3 S.8 
T-ll 48.3 49.1 0.98 11.8 
'1'-4 32.6 32.3 - 1.01 5.1 
1'.;...5 53.2 55.5 0.96 3.0 
T-6 86.6 84.9 1.02 2.6 
T-8 46.9 47.7 0.98 7.4 
~-9 26.2 25.7 1.02 4.5 
Average 1.00 
Range 0.97 - 1.05 
T-SI 2504 59 • .3 o oM. 4.0 
nOl 11.4 12.6 0.91 5.0 
T-l2I 89.3 103.3 0.86 8.4-
T-1.31 ll3.6 125.8 0.90 6.4 
. T-141 39.7 40.8 O.'1l li.l 
T-15I 41.9 4102 1.02 7.2 
Average 0.93 
Range 0.86 - 1.02 
TABLE 8 
DUCTILITY FACTORS AT CRUSHING AND AT MAXIMUM KJME1"Jt 
A1I8X , q , Ac 8" "L m.a:x qcr -- A: ~y 1:::l c Cler + qdr y 
(meas.) (meas.) (meas.) 
0.670 0.150 0.150 6.0 19.7 .3.2 
0.674 0.102 0.102 10.8 10.8 1.0 
0.786 0.135 0.1.35 9 • .3 1.3.4- 1.S 
O.SC17 O.Cfl4 0.Cf!4 21.9 
0.615 0.221 0.119 5 .. 6 20.9 .3.7 
0.794 0.495 0.245 4.2 8.8 2.1 
'. ~-l 0.702 0.213 0.102 5.7 23 • .3 4.1 
'! ..... 2 0.690 0.547 0.185 2.5 25.6 10.0 
:·~-3 0.661 0.809 0.387 2.0 13.1 £).5 
'''!-7 0.655 0.191 -O.Offl 5.4 39.3 7.4 
T-10 0.664 0.206 0.151 4.5 
~-ll 0.654 0.202 -0.429 5.6 51.1 9.2 
T-12 0.648 0.669 0.146 2.7 
0.573 0.657 -0.187 .3.0 
0.679 0.210 0.002 4.5 
0.696 0.254 0.036 4.6 
0.809 0.254 0.095 4.2 22.0 5.3 
O.8Z7 0.550 0.276 2.3 9.7 4.2 
0.782 1.219 0.574 1.1 6;0 5.4 
0.802 0.320 -00156 5.0 31.0 6.1 
0.749 0.162 -0.120 5.3 l7.7 3.4 
" , 
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FIG.36 ASSUMED CONDITIONS AT YIELDING 
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FIG.38 ASSUMED CONDITIONS AT FIRST CRUSHING 
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EMPIRICAL EXPRESSIONS FOR MIDSPAN DEFLECTIONS 
OF BEAMS LOADED AT THIRD-POINTS 
AJ. 
This Appendix is concerned exclusively with the derivation and 
of empirical expressions for the deflections at mid~n of the 
* previously tested under third-point loadiDg (1).... In the previoUS 
(1), rational procedures were developed for computing angle ebanges 
deflections a.t both yield and ma.ximum load. These procedures, however, 
in some cases rather complex and relatively extensive calculations 
An attempt was made, therefore, to derive empirically mach 
expressions to predict the deflections observed in the tests. 
Empirical expressions are presented herein for mid~ deflection 
eld and at maximum load, for beams with tension reinforcement onlY as 
as for beams reinforced in both tension and compression, and tested 
third-point loading. In addition, an expreSSion is derived for the 
ty factor, expressed as the ratio of the deflection at maximum load 
deflection at yield. 
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'. Beams Rein:forced in Tension Only: Midspan Deflection at Yield 
Although the object of these studies was to develop empirical 
sions, it was desired that these expressions be rational in form.; 
t is, they should involve the proper variables in the proper ~er. It 
shown in the previous report (1) that midspan deflection at y1eld,~ , y 
be eJqlressed as a i'unction of the maximum angle change CPy, and the 
of the beam L, in the following form: 
D. = Constant x if\ L 2 Y 'j:'y (Al) 
the constant depends on the nature of the loading or, more specif'ic-
, on the distribution of moment and angle cba.nge along the span .. 
At yield" the mximum angle change may be derived from. the 
relations shown in Fig. :;6 of this reporto The resulting expression 
¢y =~)d (A2) 
(!,y is the yield strain for the reinforcement, d is the effectiv.e 
of the beam, and ltd is the distance from the top of the beam to the 
axis in a beam without compression reinf'orcement 0 From 
_ ...... U.LLQ Al and A2 we may wi te 
E L2 
l:l y = Constant x (.l~k) d (A3) 
A3 
order to obtain a. d.il.Ilensionless expression, equation A3 is rewritten as 
~ d E 
+ = Constant x * L ll-k) (A4) 
equation A4, the quantity (l .... k). varies inversely with the percentage of 
i'e~ll:lr,orc~em~n"t, p, and directly with the modulus of elasticity of the 
, E c • This follows from the fact tbat, accordiDg to the convention-
straight line theory, k is a. function of pn, where n is the ratio Es/E c • 
6d + = function of E i-
LYe 
~rer, Ec is in turn a. function of the compress1 ve strength of the 
, f~; one relation frequently given 1s 
E = 1000 fl 
c c 
~.~ relation such as this, however, 1s valid over only a limited 
, and a. better expression has been found to be 
Ec = 1000 1t.t ~f~ 
kJ. ~ in this case is given by the expression 
~ d 
3000 + 0.5 f~ 
~~ = 1500 + ff 
c 
+ = function of E ~~fl L Y c 
..... IIIr.lI.U.u. A9 was used as the basis of the first emp~ical studies. 
(A5) 
(A6) 
(AB) 
(A9) 
A4 
Two different empirical. expressions have been derived for 
yiel.d point deflection. First, equation A9 was rewritten as 
ll. d f 
~ = ~ction of ~ ~~fl 
L s c 
(AlO) 
which 
l1. d 
-t- = ~ction of ~ ~fl 
L f . c y . 
(All) 
the modulus of el.a.sticity of steel. may be considered constant. 
On the basis of equation AJ..l, a plot was made with measured 
s of pilL k...f '. as abc1ssas and corresponding va.l.ues of A d/L 2f as J. :J c . y y 
tes, as shown in Fig.. l.. The values plotted are listed in ~bl.e AJ., 
,. it must be noted tbat in some cases the values of deflection d1tfer 
those given in the previous report (1).. In these studies, all 
have been corrected to eliminate a small. error in measurement 
~'u.ee:a. as a reaul t of deflection of the. testing machine base. 
A curve was fitted to the points in Fig. Al by the least-squares 
..e. 
~ d . 6 .~ x 109 = 4.840 + 0.Wi6 x 10 ~ 
~.~ c 
(Al2) 
.... '"".I ....... .&.i~..., of correlation, r, for this line is 
of estimate, S , for ~ d/L 2f x l.09 is 0.19.. From equation Al2 we y y y 
the following expression for mid~ deflection, taking 
':.30,000,000 psi 
A5 
~ d f 
:L - J:. (0 1452 + 10,338 p) 
2 - E· k.k...f' L s ~.~ c 
(Al.3) 
A second empiricaJ. equation in the same form as eq~tion m was 
ved from the plot shown in Fig. A2.. The line shown on this figure fits 
points with a coefficient of correlation 'of 0-98 and a standard error 
estiDate in terms of the ord.inates plotted of 0.17.. The resulting 
tion for yield deflection is 
~ d f . 
...L.. - ...I. (0 1331 + 12975 p) 2 - E· k.lL fi 
L s L5 e 
(AJ.4) 
It is not possible to choose between equations Al3 and Al.4 on 
of coefficients of correlation or standard errors of estimate 
these have significance only in terms of the quantities plotted on 
graphs and are not necessarily a true measure of the preciSion with 
the equations will predict the observed deflections. However, on 
basis of other considerations , it is believed tbat equation Al3 is to 
erred. 
Beams ReiDforced in i'ension Only: Midspan Def1ectioll at Maximum Load 
At max1.n:mm load, the mximnm ~e cllange may be derived from 
. strain relations shown in Fig. 38 of this report, or preferably those 
on page 22 of Reference 1. From strains we obtain:, 
(AJ.5) 
is the strain in the concrete at the top of the beam, and a is 
, iistance from the. top of the beam to the neutral axis. If the stress 
A6 
. the tension reinforcement at failure is equal to the yiel.d point, fT 
shown ( equation Sa. in Reference l) that 
pf 
a = k:L~f~ d (Al.6) 
it has been found. that £ '1.DB.y be considered as a constant, we '1.DB.y 
u 
Constant 
pf d 
Y 
, in this case also, we my consider the midspan deflection,6. , to 
m 
function ofgs
m 
and L2, we' may write 
6. d ~k..ff ~ = function of f5 c 
L Py 
(AlB) 
In Fig. A3, the measured midspan deflections at maximum load in 
'.form of' ~d/L 2 have been plotted versus the corresponding values of 
." m 
t/Pfy for the beams tested. The values plotted are given in ~ble Al. 
ii tted through the points on Fig" A3 by the least-squares method 
the equation 
(Al9) 
a coefficient of' correlation of 0.96 and a standard error of estimate 
of the plotted ordinates of 0.33. Since this line did not pass 
4.7 
1IH.. ................. ,I"f'P"I the origin, a second line, passing through the origin, 'WaS fitted 
the plotted points.. The equation of this line was 
(A20) 
tion A20 is recommended for use. 
. Beams Reinforced in Tension Only: Ductility Factors 
The ductility factor is defined as the ratio of deflection at 
~..- load to deflection at yield; that is.,6.A. However, for conven-
in deriving the expreSSions, the inverse ratio A/L\n. is used. 
Dividing equation Al3 by equation A20, we obtain 
pf Y _-~~f~ - q (A22) 
6 UQoA.~ Es = 30 x J.O psi, we may write equation A2l as 
~ 1 - ( '%Q -) ~m = 10245 q 0.1452 fy + 103~ q 
-(A23) 
A8 
It is desirable, however, that the ductility factor involve the 
term q ,the value .of q for which the beam. fails simultaneously in tension 
cr 
and compression; that is, the steel reaches the yield point at the same 
time the strain in the concrete reaches e. From equation 23 in Reference 1 
u 
1 
since q =. qj~ ~. In equation A24 
and 
f f 
e -2- y 
Y - Es - 30,000,000 
e: = 0.004 
u 
- 1 120,000 
qcr = . f = ]20,000 + f 
1+ 01 . Y 
.l.2 ,000 
(A24) 
(A25) 
(A25a) 
pre term ~ C&l now be iI1.troduced into equation (A23) by substituting the 
»' 
~. 
~ess1on in equation A25a for f y • This yields, after simplification: 
(A26) 
A9 
IIIII;W.Ifod06-'- the ratio ~/~ should equal zero for 9/qcr = 0, and should equal 
for 9/q = 1, equation A26 was further modified, as follows 
cr 
~ 0 ~ - -2 q] A"""'" = .......;a...,. .1.7 - l.7 q + 1 .. 01 q -
Ll._ - cr cr -
m ~r qcr 
equation thus yields ~ 16. as a function of the ratio V'q and the 
. y" m cr 
q itself', which is a function only of t.. Equation A27 has been 
cr y 
in Fig .. A4 for values of f equal to 40,000 and 55,000 pSi, 
Y 
lIIIIit~n~senting the range ot values included in the tests. The data are taken 
Table A2. Since the two curves are relatively close together, the 
ct of f in itself' is seen to be small; the principal variable is y 
qcr" It ~ be noted further that the empirical equation yields a value 
l:l 16. very close to one for qjq = 1. y" m cr 
The points plotted on Fig. All. are ratios of measured deflections 
yield to those at maxi Jrn11D load, obtained from the results of the tests 
The agreement with the empirical equations is believed to be satis-
f<A'f".t",,'lI'I'U'. However, for a range of qjq f'r~m zero up to 0 .. 5 to 0.6, it is 
cr 
rgg.II..., ..... c to represent the resm ts of the tests by a very simple expression 
(A28) 
equation also agrees well with the eng;>irical equation over the range 
ted, but lies appreciably bel.ow the values from equation .A27 for 
values of qjq • 
cr· 
In Fig.. A5, the ductility factor itself, ll.J6.y' is plotted 
no 
'The points and curves on this figure correspond to those 
;,,011 Fig. A4.. Furthermore, it can be seen from Fig.. A5 that the simple 
<"' 
':relation given by equation A28 represents reasonably well a lower limit 
;'for the ductility factor .. 
('. 
Beams Reinforced in Tension and Compression: Midspan Deflection at 
Yie.ld 
Two expressions have been derived for mid~ deflection at the 
eld point for the beams reinforced in both tension and compression. 
e first of these is similar in form to equations Al3 and Al4 for beams 
thout compression reinforcement.. In Fig.. A6, the term 6. d/L 2f bas y y 
en plotted as a function of p/~~f~ for each beam teste~~ The line 
Thown on the figure was fitted by the least-squares method and fits the 
'. 
;lotted points w.l th a coefficient of correlation of 0 e 74 and a standard 
or of estimate in terms of the plotted ordinates of 0.33.. T.b.e 
~ d f 
:L-J:.( 6 ,;". :p ) 2 - E 0.192 + 2~75 ~k-ft 
L S ~, c 
(A29) 
It may be noted from Fig. AG and equa. tion A29 that the term 
:/,~~f~ has much less effect on yield deflection for the bems with both 
;. 
ion and compression reinforcement than for the beams reinforced in 
This is believed to result from the presence of the com-
ection at yield, is influenced to some extent by the compression rein-
In the beams tested, the ratio of compression to tension 
All 
reinforcement varied between 0.45 and 0.60 except for one beam for which 
the ratio was 0.73. As a result, the position of the neutral axis varied 
rela.tively little from beam to beam as the quantity p/~~f'~ was varied .. 
Consequently, equation A29 may not be valid for beams having ratios of' 
e~ression to tension reinforcement Significantly different fram those 
llSed in these tests .. 
A second equation f'or yield deflection was derived as shown in 
rig. A7. ~ parameter used. in this case was (p + P t ) /];~"lk3f'~; where p f 
is the percentage of compression reinforcement. The resulting equation 
is 
~ d f' [ ( ')]" ~ = I- 0.1930 + 1838P+P r 
L s kJL~c (A30) 
U though excellent correlation is evident from Fig. A 7, an equation 
lnvolving (p + pi) has no rational basis and must therefore be viewed 
Nith some suspicion.. Since the ratio pi /p varied only from 0.45 to about 
:>.60, the term (:p + pI) in Fig. A7· and equation A30 bears a f'airly def'inite 
r;-elation to P alone. In view of this Situation; the correlation shown in 
rig.. A 7 may have resulted solely from a fortuitous combil'la. tion of circum ... , 
;ta.nees. Nevertheless, the correlation was so good that it was considered 
iesirable to include it in this report. 
l7.. Beams Reinforced in ~ension and Compression: Midspan Deflection at 
Maximnm Load_ " 
The beams with both tension and compression reinforcement were 
~eated in much the same manner as that described in Section A4 of' this 
lppendix for beams reinforced in tension only.. In this case, however, 
the distance!:! in equation Al5 and Fig. 38 is given by the following 
expression instead of by equation Al6. 
pf' ... p'f" 
Al2 
a = Y Y d ~~f~ (A3l) 
where f" is the yield point of the compression reinforcement.. This \ y 
equation is valid onlY if' both the tension and the compression reinforce-
ment have reached their respective yield points at ma:xjmmn load. ~s 
wi.l1. usuaJ.ly be true for the tension reinforcement, but may not be true 
for the compression reinforcement if' large amounts of steel are used or 
if fy. is high. l:Joweve;r, in order, to obtain a reasonably s~le empirical 
eXI>ression f'or deflection at maxinn:rm load, it was necessary to use the 
relationship given by equation A3l even though it would not always apply 
strictly .. 
In Fig. AB, the measllI"ed midspan def'lections at maximum load, in 
the form of ~ d/L 2 .. are pl.otted as a function of k, ~f I / (pt - pIt t ) in 
m ' . oJ. ..I C Y Y 
a :manner similar to Fig. A3.. As was also the case' in Fig.. A3, the line 
"fitted by the least-squares method missed the origin by a smaJ.l amount, 
, and a second. line was therefore forced through the origin.. The resultant 
e:xpression is 
(A32) pf .. ptf' 
Y Y 
It is evident from Fig.. AB tbat the correlation in this case is 
much poorer" than it was for the beams reiDforced in tension only (Fig. A3) .. 
'One reason for this might be that the compreSSion reinforcement was not 
Al3 
always at its yield point. However, it must be recalled from Reference (1) 
that the type of tie used in these beams varied considerably and that this 
variable was found to affect the deformations attained at maximum load. 
Since the type of tie is not considered in Fig. A8 or equation A32, a 
considerable scatter is to be expected .. 
A8. Beams Reinforced in Tension and Compression: Ductility Factors 
An attempt to derive an expression for the duotility factor as 
the quotient of equations A29 and A32 led to no correlation whatsoever with 
the resuJ. ts of the tests. The plot shown in Fig. A9 was therefore prepared .. 
In this figure, the ratio of ~J~y is plotted as a function of Ci'/Ci
cr
' 
where 
pf - p 'f' 
q' = ~~1'~ Y (A33) 
Figure A9 is similar to Fig. A5 except for the use' of q' in place of q. 
This substitution is rational in view of the ana.lyses presented in 
Reference 1. 
Curves representing equations A27 and A28, with q' substituted 
these equations. Therefore, since q' reduces to q when compression rein-
;', forcement is not present, the ductility factor for all of the beams 
, tested under third-point loading can be represented by the expression. 
(A34) 
Al4 
where qcr is given by equation A25 and ql by equation A33· This equation 
is valid only if the ratio q'/q does not exceed about 0.6. 
cr 
A9. Limitations of Empirical Expressions 
The expressions presented in this Appendix have all been obtained 
by empirical studies involving only a limited number of test specimens. 
Therefore, strictly spea.kiJJg, they should be limited in application to 
beams havins dimensions and properties similar to those tested. Neverthe-
less, the fact that the form of the equations was in each case based. on a 
rational analysis, together with the dimensionless form of presentation, 
provides so~ basis for the belief that these equations may be valid over 
a somewba t greater range. 
The beams tested were reinforced with bars having values of yield 
point, f , varying from 40,000 to about 56,000 psi.. Although this range y 
is not large numerically , it probably includes most values of static yield 
strength likely to be enountered for intermediate grade bars; lower values 
may be expected for structural grade and higher values for hard or raU 
grade. Nevertheless, since both rational analysis and the results of 
these studies indicate that yield strength should have a direct effect on 
the yield deflection, it is believed that the expreSSions for yield deflec-
t~on are valid for an appreciably greater range than that found. in the 
tests. A similar argument may be advanced regarding the f term in the 
. y 
expreSSions for deflection at maximum load and ductility factors. It is 
suggested therefore that the expreSSions given herein be considered valid 
for values of fy outside the range used in the tests. 
A15 
A more serious limitation on the applicability of the expressions 
Ls imposed when beams with compression reinforcement are considered.. As 
]8.S been pointed out previously, the ratio of compression to tension rein ... 
~orcement, p'/p, varied from only 0 .. 45 to 0.60 with but one value as high 
3.S 0 .. 73 .. It seems probable, therefore, that equation .A29 for yield 
Lef:I..ection should not be used for ratios of p I II' less than 0 .. 45. Similarly, 
~ince equation A32 for deflection at maximum load does not reduce to 
~quation A2.0 when p' = 0, it shoUld probably not be used outside the ra:cge 
)f pl/p mentioned above. These limitations are not in themselves too 
~estrictive since the range of p'/p stated will include many typical 
!1eIIibers. 
Since equation A34 for the ductility factor seems to be applicable 
~o beams without compression reinforcement as well as to beams with values 
)f pi Ip ranging up to 0 .. 60, no lower lim! t on p I II' need be set for this 
~quation. An upper limit of about pi Ip = 0.60 should be imposed, however, 
md it is evident that equation has no meaning for values of p I II' such 
~hat qt equals zero or becomes negative. Furthermore, equation A34 is not 
~d for values of q'/q greater than about 0.6. 
cr 
All of the tests considered in this Appendix were made with third .... 
point loading in order to obtain a constant moment over a significant 
Length of the beam. Because the distribution of angle change, and thus the 
iefiection, is related directly to the distribution of moment, the results 
obtained in these tests cannot be used without modification for other types 
of loading.. It is evident from the resul. ts presented in the main body of 
this report- that the magn1 tude and distribution of angle change and the 
eonsequent rotations and deflections are vastly different for beams loaded 
A16 
tt midspan and at the third points.. It is believed, however, that the 
~esults presented in this Appendix in the form of empirical expressions 
~or deflections and ductility factors can be applied to predict, at least 
~pproxima.tely, the behavior of simple beams subj ected to uniformly 
listributed loads. 
At first yielding, the distribution of angle cbange along the 
)eam should be almost identical with the distribution of' moment. This 
~ondition was assumed in connection with the analytical procedure developed 
In Reference 1 for predicting deflection at yield, and the agreement obtain-
~d with the resuJ.ts of the tests would seem to confirm this assumption. On 
~his baSis, therefore, the defl~ction at yield may be compared for beams 
dth third-POint and uniform loading.. At the load producing a maxinnnn 
uoment equal to the yield moment, M , the midspan deflection of a beam y 
mder third-point loading may be expressed as: 
2 
A 23 M L ~ - ..:L-y - 216 EI (A35) 
ror a beam with unif'orm. loading, the deflections corresponding to a 
I8ximum moment equal to My may be written as 
(A36) 
r.rom equations A35 and A36, the ratio of mid~ deflection for uniform 
loading to that for third-POint loading is 
~t 
~ = 0·98 (A37) 
Al6 
t midspan and at the third points.. It is believed, however, that the 
esults presented in this Appendix in the form of empirical expressions 
or deflections and ductility factors can be applied to predict, at least 
pproximately, the behavior of simple beams subjected to uniformly 
istributed loads. 
At first yielding, the dif?tribution of angle change along the 
eam. should be almost identical with the distribution of moment. This 
ondition was assumed in connection with the analytical procedure developed 
n Reference 1 for predicting deflection at yield, and the agreement obtain-
d nth the results of the tests would seem to confirm this assumption.. On 
his basiS, therefore, the defl~ction at yield may be compared for beams 
ith third-point and uniform loadiDgo At the load producing a maximum 
oment equal to the yield moment, M , the mid~ deflection of a beam y 
nder third-point loading may be expressed as: 
2 
A 23 M L ~ -~...:l­y - 210 EI 
or a beam with uniform loading, the deflections corresponding to a 
axjmnm ~nt equal to My may be written as 
.. 2 
~ I 5 XL - ~...:l­y - qo EI (A36) 
rom equations A35 and A36, the ratio of midspan deflection for uniform 
.oa.ding to that for third-POint loading is 
~I 
~ = 0·98 
Al7 
It may be assumed, therefore, that the midspan deflection at yield for a 
beam under uniform loading will be approx:i.mately the same as the corres-
ponding deflection for the same beam. under third-point loading. This 
results, of course, from the fact that the moment diagrams are very 
similar for the two types, of loading aDd, at yield, the angle-change 
diagrams are thus also similar. 
At maximum load, the relation between deflections for the two 
types of loading is not so easily established. Although the moment 
diagrams are still similar in shape, this is no longer true for the angle 
change diagrams. The angle change at maxi mnm moment may be very much 
greater than that at yield (depending on the value of q}qcr) because of 
the inelastic action after yielding 0 For beams with third-point load j ng, 
the maximrm angle change is distributed over the entire middle third of 
the span:and is responsible for a major portion of the midspan deflectio~. 
With Ulliform. load, however, the max:imum angle change is relatively concen ... 
trated in the region near midspan and the resulting deflection will be less 
if the magnitude of the maximnm angle change is the same as for the beams 
loaded at the third-points. This my not be the case, however, since the 
localization of the ~mum moment region may permit the development of 
-greater local angle changes, as was found to be the case for beams loaded 
at midspan. Since these two effects act in opposite directions J it is 
difficult to make any precise predictions regarding the relative magnitudes 
of maxi mum deflections under third-POint and uniform loading 0 
For beams reinforced in tension and compression, and with well-tied 
compression reinforcement , it does not seem unreasonable to assume tbat the 
deflections at maximum load would be comparable for the two types of" loading. 
Al8 
fIowever, a.ny difference that might exist sbould be assumed in the direction 
of smaller deflections for the case of uniform load. 
For beams reinforced in tension only, it is possible that the 
DaXimum angle change developed will be no greater for uniform loading 
~han for third-point loading, and the deflection will thereby be decreased 
)ecause of the differences in the angle change diagrams. For this case, 
!;he midspan deflection at maxiumm load for beams subjected to uniform load 
~hould be taken as about 0.75 to 0.80 the corresponding deflection for 
)eams loaded at the third POints~ 
If the midspan deflection at maximum load is reduced as indicated 
Lbove, there will be a correspo:od.ing reduction in the ductility factor, 
lince the yield deflection is unchanged. It must be noted, however, that 
ihe reduction in midspan deflection for uniform loading will be of the 
Irder indicated only for beams 'With moderate ductili ty. As the va.l.ue of 
~ t approaches q , the ductility factor approaches unity for a:tJy type of 
cr 
.oading. 
~O. Summary 
Empirical expreSSions have been presented for computing midspan 
eflections at yield and at maximum load for simple-span reinforced 
oncrete beams loaded at their third points. The equatiOns are rational 
n form, but the coefficients involved were determined empirie~ from 
be results of . the tests reported in Reference 1. These expressions serve 
W'O pu:rposes: (1) 'fhey provide relatively simple means for estimating 
efl.ections or ratios of deflections. And (2), they serve to show clearly 
b.e effects of the several variables on the deflections and ductility 
actors. 
AJ.9 
'The following expressions have been recommended: 
For mi~ deflection at yield. 
Beams reiDf'orced in tension only, 
6 d f 
...L.- - J.. (0 1452 + 10,338 p ) 2 - E· lLlLfl 
L S ~"c 
(Al3) 
Beams reinforced in both tension and compression, and having 
P f /p not more than about 0.60. 
~ d f, 2475 
=+- = i (0.1926 + ~~ff) 
L s c 
For midspan deflection at maximum moment 
Beams reinforced in tension only 
(A29) 
(A20) 
Beams reinforced in both tension and compression, and having 
p'/p in'the range 0.45 - 0.60. 
~~f~ 
pf - p'ft y y 
(A32) 
~or ductili ty factor at me xi mum load 
(A34) 
A20 
where qcr is given by equation A25 and ql by equation A33, and qr /qcr 
is not more than about 0 .. 60 .. 
Equations Al3 and A29 for deflection at yield may be used also 
f'or beams subjected to uniformly distributed loads.. Similarly, Eq. A32 
should be applicable also to the case of uniform load for beams reinforced 
Ln both tension and compression. However, for beams reinforced in tension 
only, the deflections for uniform load may be only about three-quarters 
those given by equation A20 for small values of qf /q , increasing to 
cr 
~qual deflections for q' /q equal to one. 
cr 
For beams reinforced in both tension and compression, equation 
t32 should yie~d satisfactory values of the ductility factor for uniform 
Loading.. If' compression reinforcement is not present, the duct ill ty 
~actors for uniform load may be about one-fourth less than those given by 
~quatioll A32. However, as q' /q approaches a value of one, the ductility 
cr 
~actor should also approach one for either type of loading. 
..... ~~ 
DEFLECTIONS FOR BEAMS REINFORCED m TENSION ONLY 
Beam d tV .k:J.~ t ~ 6.m E 6.d ~ k:L~fl L~ d/L2 k:J.~f' 6. d * p ::L..-." c fyP~~f~ em· c y y k ~ft L2t pt L2 -1 c :p y 
xl.06 
Y 
xl.0-5 xl.03 xl.cY in. psi . 0/0 pai in. in. u09 
TlLa 10.79 2150 1.116 0.34 54300 O.~9 4.94 1.42 4.93 6071 . 3·31 12.40 4·569 
TlLb 10.72 2520 10060 0.62 46000 0.29 3.96 2032 5.80 4.42 2·56 9.64 3.639 
T2La 10.65 2120 1.122 0.97 40400. 0.25 3·05 4.08 5.65 2·52 1.43 6.23 2·785 
Tab 10.65 2440 1.071 0.97 55400 0.34 1.81 3·71 5.60, 2·70 1·51 4.87 1.653 
T4La 10.51 2380 1.080 1.90 44100 0.34 1.06 7·39 6.95 1.36 0·94 3·09 0·958 
. T4Lb 10.44 2810 1.022 2.52 43300 0.41 0.96 8·77 8.48 1.13 0·96 2.62 0.861 
T5L 10.37 2500 1.062 3.22 40200 0.44 1.00 12.13 9·73 .0.82 0.80 2~04 0.889 
TIMa 10.72 4600 0.869 0.62 46200 0.24 3.29 1·55 4·79 6·71 3·20 
TlMb 10,,58 4750 0.860 1.38 42900 0.31 1089 3·40 6·55 3·07 2.01 7·17 1·715 
T3Ma 10037 4800 0.857 3.22 41000 0.44 0091 7083 9·53 1.25 1.19 3.06 0.812 
T3Mb 10 .. 37 4110 0.901 3.22 41700 0.,32 0.87 8·70 6081 1.14 0·78 2·73 0·771 
TllJa 10 .. 58 5880 0.805 1.38 44200 0.34 2061 2.82 6·97 3·56 2.49 8.05 2.368 
TlHb 10 .. 58 5180 0.837 1.38 ~2206 0.34 1.8? 3.28 5·73 3.12 1·79 5.98 1.660 
T2H 10 .. 44 5400 0.826 2.52' 45600 0.32 1.43 5.65 6.27 1·79 1.12 3·93 1.285 
T3H 9,,52 5920 0.803 4.20 43200 0.42 1.28 8.84 7·94 1.12 0.89 2·59 1.042 
T4H 9·38 5260 0.833 5.61 42000 0 .. 80 1.85 0.646 
T5H 9·23 5900 0.804 7.22 40600 0.47 15023 9·18 0.65 0.60 
* L ;:: ].08 in. 
Beam. -qcr 
TlLa. 0.688 
TlLb 0·723 
'l'2La 0.748 
T2Lb 0.684 
T4~ 0·732 
T4Lb 0·734 
T5L 0 .. 749 
TlMa 0·722 
TlMb 0·737 
T3Ma 0.747 
T3Mb 0·743 
TlB'a 0·731 
TJ.Bb 0.697 
T2H 0·725 
T3R 0·736 
'![I4:s: 0·741 
T5R 0.748 
TABLE A2 
DUCTILITY FACTORS FOR BEAMS REINFORCED 
. m ~IOlJ ONLY 
.. ~ .. L.. q .. 
qcr ~ 
0.081 0.118 0.059 
0.104 0.144 0.073 
0.160 0.214 0.082 
0.205 0·300 0.188 
0·324 0.443 0·321 
0.382 0·521 0.427 
0.490 0.654 0.440 
0.069 0·096 0.073 
0.140 0.190 0 .. 164 
0·327 0.439 0·~3 , 
0·366 0.493 0~368 
0.124 0.170 0.130 
0.167 0.240 0.186 
0.254 0·350 0.224 
0 .. :;86 0·525 0.328 
0·538 0·726 .. - ......... 
0.622 0.832 
6 m 
E; 
17·0 
13·7 
12.2 
5·3 
3·1 
2·3 
2.3 
13·7 
6.1 
2.1 
2·7 
7·7 
5.4 
4.5 
3·1 
DEFLECTIONS FOR BEAMS REINFORCED IN TENSION AND COMPRESSION 
i' .~ ~m D. d* k ~fl A d/L
2 k k it 6. d* 
leam d f' klk:; p p' t P :.L.;.. 1 0 Y 1 :; 0 m 0 y y y klk:;f~ L'2f p+p' f (p+p'}jk Ie i' pf -p'f' -2-
Y 
Y 130 y Y L 
in. psi 0/0 0/0 psi psi ·in .. in. xlO6 xl09 xlO-4 xl04 
:2w 10.58 3940 0.914 1.:;8 0.62 4$400 44500 0.33 3.19 3·83 6.59 18.0 11.86 10·3 2·90 
:2xm 10.58 4070 0.904 1.38 0.62 5:;:;00 47000 0.41 4.1B 3·75 6·9B IB.4 12.86 B·3 3·79 
~3w 10.37 4310 0.887 3.22 1.93 41800 46700 0.40 3·39 8.44 8.52 7·4 6.32 8.6 :;.02 
!3xm 10·37 3890 0·917 3.22 1·93 41800 42500 0.34 4.03 9·03 7·23 6·9 5·01 6.8 3.58 
:3yna 10.51 3330 0.966 1.90 0.98 45200 56100 0.:;4 4.57 5·90 6.80 11.2 7.61 10.4 4.12 
::;ynb 10.37 4860 0.854 3.22 1.93 42100 47400 0.36 6.02 7·76 7·61 8.1 6.13 9·4 5·35 
:4xna 10.51 2450 1.070 1.90 0.98 45500 41400 0.33 2.94 7·25 6·53 9·1 5.94 5·7 2.65 
:4xnb 10.51 ,2430 1.073 1.90 1.39 46400 44106 0.34 4.24 7·28 6.61 7·9 5.26 9·7 3.82 
:4zn 10.37 3570 0·944 3·22 1.93 41300 46400 0.35·5.53 9·55 7·53 6.5 4.93 7·8 4·92 
:5yn 9·38 4480 0.876 5.61 2.80 44000 43400 0.42 0.91 14.28 7·69 4·7 3·59 3·1 - 0·73 
:6xm 9.:;8 3680 0.934 5.61 2.80 41800 40200 0.42 1.13 16.32 8.08 4.1 3·30 2.8 0·91 
:7w 9.38 3480 0.952 5.61 2.80 41600 43600 0.38 1.67 16.92 7.36 3·9 2·90 3·0 {)·94 
r 
L = loB in. 
TABLE ALi-
DUCTILITI FACTORS FOR BEAMS REINFORCED 
IN TENSION AND COMPRESSION 
Beam - - q' ~ ~y ~m qcr q, 
-
"'" 
~-
qcr ~m ~y 
C2w 0·725 0.145 0·097 0.134 0.105 9.68 
C2xm 0.693 0.163 0.121 0.175 0·098 10.19 
C3w 0·742 0.277 0.116 0.157 0.118 8.48 
C3xm 0·742 0.317 0.147 0.198 0.084 11.86 
C3yna 0·727 0.249 0·096 0.132 0.074 13.46 
C3ynb 0 .. 740 0.238 0.106 0 .. 143 0.060 16 .. 72 
c4xna. 0·725 0·378 0.175 0.241 0.112 8.92 
C4xnb 0·721 0·390 0.103 0.143 0.080 12.47 
C4zn 0.744 0·352 0.129 0 .. 173 0.063 15.78 
C5yn 0·732 0.483 0·320 0.438 0.462 2.17 
c6xm 0·742 0·595 0·355 0.479 0·372 2.69 
c7w 0.743 0.638 0.336 0.452 0.227 4.40 
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FIG. AI BEAMS REINFORCED IN TENSION ONLY: MIDSPAN DEFLECTION AT YIELD - EQUATION A 13 
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FIG. A 3 BEAMS REINFORCED IN TENSION ONLY: MIDSPAN DEFLECTION AT MAXIMUM LOAD 
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